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Tutorial-II : Calculating Commutators

Answer the following questions assuming the canonical commutation relations between
the position and the momentum operators. For one degree of freedom

g, p] = ih;
For several degrees of freedom, the non-zero commutators are
[, p2] = [y, py] = [2,p2] = ih
and all other commutators such as [x,y], [z, p,] etc. are all zero.

[1] Prove that
lq,p"] = iNAp" !

[pa qN] = _ZthN_l

[2] Let
—(p — imwq)

a = — imw
2mwh P 7

t 1 ’

a' = (p + imwq)
2mw

and N = a'fa

(a) Compute the commutator [a,a']

(b) Use results in (a) and find the commutators
[N,a] and [N, a']

(c) Express the harmonic oscillator hamiltonian
2
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H=—4—
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in terms of a and af.

[3] Let
Ly = yp. — 2py, Ly = 2pe —ap., and L, = xpy, —yps
be the angular momentum operators. Prove any one of the following.

Ly, Ly = ihL,

[Ly, L] =ihL,
(L., L] =1ihL,



[4] Let L+ and L? be defined as

Li=L,+ilyand L* = L} + L} + L.

Prove that
(a) [Ly,L_]=2hL,
b) [L,,Ly]=+hLy
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