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We summarize some important properties of Pauli Matrices.

1. The three Pauli matrices are given by

σ1 =

(

0 1
1 0

) (

0 −i

i 0

) (

1 0
0 −1

)

(1)

2. The Pauli matrices satisfy the commutation relations.

[σi, σj] = 2iǫijkσk (2)

3. The square of each Pauli matrix is unity. So is the square of n̂ · ~σ where n̂ is

a unit vector.

σ2

1
= σ2

2
= σ2

3
= Î; n̂ · ~σ2 = Î (3)

4. Every Pauli matrix anticommutes with the other two Pauli matrices. There

does not exist a nonzero 2× 2 matrix which anticommutes with

all the three Pauli matrices.

5. The above relations can be written in various different forms.

[σi, σj ] = 2iǫijkσk (4)

σjσk + σkσj = 2δjk (5)

6. The above two relations imply that

σjσk = δjk + iǫjkℓσℓ (6)
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7. The above statements are can be rewritten as

(a) [~a · ~σ,~b · ~σ] = 2i(~a×~b) · ~σ

(b) (~a · ~σ)2 = |~a|2

(c) (~a · ~σ)(~b · ~σ) + (~b · ~σ)(~a · ~σ) = 2(~a ·~b)Î

(d) (~a · ~σ)(~b · ~σ) = (~a ·~b)Î + i(~a×~b) · ~σ

where ~a,~b are two arbitrary numerical vectors.

8. The trace of each of the three matrices is zero. If we use the notation σ0 = Î

we have the relation, we can write

Tr(σµσν) = 2δµν (7)

9. The above identity can be used to prove linear independence of Pauli matrices.

The four matrices σµ, µ = 0, .., 3 form a basis in the complex vector space of

all 2× 2 matrices.

10. Let S be complex 2× 2 matrix which is expanded in terms of the matrices σµ

S =

3
∑

µ=0

Cµσµ (8)

The expansion coefficients are given by

Cµ =
1

2
Tr(Sσµ) (9)

11. The completeness relation for the Pauli matrices is contained in the identity
∑

a

(σa)ij(σ
a)kl = 2δilδjk − δijδkl. (10)

12. An important identity satisfied by the Pauli matrices is

exp(i~α · ~σ) = cos |~α|+ i~α · σ sin |~α| (11)

where ~α is a vector and

(α1, α2, α3), |~α| =
√

α2

1
+ α22 + α2

2
(12)
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