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81 Lesson Overview

Learning Goals You will learn about Einstein summation convention, Kronecker delta
symbol and Levi-Civita epsilon symbol. Examples of usage of Kronecker delta and Levi-

Civita symbols to vector algebra are presented.
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§2 [Einstein Summation Convention

We describe the Einstein summation convention and give some examples.

1. Summation convention

If ¥ = (21,9, x3) is vector, square of its length is given by

We can rewrite it as
3
=1

In this form the index 7 is repeated and is summed over all values. The FEinstein
summation convention says all repeated indices are automatically summed over all

possible values. With this convention we write
’f ‘2 = X;X;.
2. Dummy index
The index which is summed over all values is called a dummy index. A dummy index
can be replaced with any other index taking the same set of values. Thus we can

write |Z|? as z;z;, or as zjzj. Obviously the two expressions are equal.

3. Free index must balance
An index which appears only once in an expression is not summed, is called a free

indez. Every term of an equation (or an expression) the free indices must balance.

4. A relation having having a free index
If an index appears as a free index in an equation, it is understood, by convention,
that the hold for all values of the free index. As an example, matrix multiplication

of a column vector u by a matrix, v = Au, is normally written as
N
UZ‘:ZAZ‘J‘UJ',’L':L...,N, (1)
j=1
With the above convention we will write it as

V; = Aiju]' (2)

In the above equation iis a free index. It is understood that the above equation

holds for all values of the free index 7.



83 Kronecker Delta and Levi-Civita Symbols

Convention In this write up we assume Einstein summation convention for repeated

indices.

Definition 1 The Kronecker delta symbol 0;; is defined as
1 ifi=yj
0ij = e, (3)
0 ifi#j.
Definition 2 The Levi-Civita symbol €51, (with three indices) is a completely anti-symmetric
under exchange of any two indices. So for example
€ijk = —€jik; €ijk = —C€ikj; €kij = —C€kij-
Here the indices ijk take values from 1 to 3.
The symbol €;;, has only one independent component and we have €123 = 1. All other
components are related to €103 and turn out to be either zero or +1.
The definition of the Levi-Civita is easily generalized to the case of any number of

indices. So with N indices 41,19, ...,i5 all taking values 1,2,..., N, we have the symbol

€iy,ia,..iny antisymmetric under exchange of any pair of two indices and €123 .y = 1.

J(Short Examples 1 We explicitly list values of Kronecker delta and epsilon symbols
when the indices run from 1 to 3.

(10,) 511 = 522 = 533 =1
(1b) 012 = 621 = d23 = 032 = 031 = 613 =0
(1c) The siz non-zero components of epsilon symbol are
€123 = €231 = €312 = 1
€213 = €321 = €132 = —1
(1d) All other components of €;jx, vanish when any two indices coincide. So, for example
€111 = €222 = €333 = 0
€112 = €122 = €133 = ... = 0

A useful result If f;;;, is any object which is totally antisymmetric in its indices, then

it must be proportional to the Levi-Civita symbol. Thus

fijk = Céeiji; and C = fi23



Some identities We give some identities of Kronecker delta and the Levi- Civita symbols

for the case when the indices take three values 1,2,3.
0is = 3; €ijk€ijk = 0 (4)

For the Levi-Civita symbol we have the following identities.

€Gjk€ljk = 205 (5)

€ijk€imk = (0 0jm — Oim dj1) (6)
dit  dim  Oin

€ijk€mn = |01 Ojm 0 (7)

Okt Okm  Okn

The determinant of a 3 x 3 matriz X has an expression in terms of Levi-Civita symbol.

1
det X = geijkeﬁmnXiﬁijan- (8)

This result generalizes matrices having any dimension.
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Examples

Summation convention

Let A;; be antisymmetric and S;; be symmetric under exchange of indices ¢ <+ j. Thus

we are given

g = Aij == _Ajia S@'j == Sﬂ

We will now show that A;;S5;; vanishes. Consider

AijSi; = —A;iSji Use given properties of tensors A,S (9)

Now replace dummy indices ¢, by a new set mn to get

o=2A4;S;; = —A;iSji Use given properties of tensors (10)
= —A,nSmn replace ¢ > n,j —m (11)
= —A;;S;j replace m — i,n — j (12)
= —0 (13)

This implies that the 0 =0 .

Use of ¢, symbols in vector algebra

The use of Kronecker delta and Levi-Civita epsilon symbols for vector algebra and vector

calculus simplifies computations. Here we give a few elementary examples to illustrate

usage of these symbols.

1]

The dot product of two vectors A - B can be written as

—

A-B=08;,A;By (14)

The cross product of two vectors C = A x B can be written as

Ci = fijkAjBk (15)

- = =

The triple product [A, B, C| can be represented as

— —.

[A,g, C] = EijkAiBjCk (16)

Using the above expression is is easy to see that the cross product of a vector with
itself vanishes. This is seen as follows. Let C = A x [f, then

Here €5, is antisymmetric under exchange j <+ k whereas A; A}, is symmetric. Hence

the sum over all jk vanishes.



[5] Vector algebra identities can be used to derive identities for the Kronecker delta and

85

Levi-Civita epsilon symbols. For example
(AxB)-(CxD)=(A-C)(B-D)—(B-C)(A-D)

implies
€ijk€imn — 5]m5k:n - 5km5]n

The proof of this result is left as an exercise for the reader.

EndNotes

. Food for your thought

(a) Writing out all terms for a 2 x 2 matrix A, explicitly verify that
eijemnAimAjn = 2det A.

where the indices i, j, m,n take values 1 and 2.

(b) For a three by three matrix A show that

det A = Ez‘jkAilAj2Ak3'

. The discussion of Kronecker § and summation convention presented here is based on

Woodhouse [I] Examples 3.1-3.6.

. For introduction to Kronecker delta and Levi Civita Symbol and applications to

vector calculus and electromagnetic theory see, for example
https://arxiv.org/pdf/1406.3060.pdf

. Link for see for Levi Civita tensor link | On Ospace.org ;

See also | Kronecker Delta Function d;; and Levi-Civita (Epsilon) symbol e,
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