Frobenius Method of Series Solution

Case-lll Some Coefficient becomes infinite
October 1, 2017

® Question:
For differential equation
Py(x)  dy
—r== - =0
T da? T (z)

assuming a series solution in the form

o

y(x,c) = Z A"t
n=0

(a) find the indicial equation for ¢ and values of ¢;

(b) derive the recurrence relation;

(
(d) Show that
72 3

er) Teer e T

X
y(z,c) = agll + - +

(e) Find first few terms of the two linearly independent solutions.

)
)

¢) analyse the case of series solution to which the equation belong to;
)

® Solution:
Assume o
x,c) = Z anz" (1)
n=0
so that

dy(x,c) _ - n+c—1
e 7;) an(n+c)x

2 (oo}
: Z(;;’ d_ Z an(n+c)(n+c—1)z"te2
n=0

Substituting in the differential equation we get

xZann+C)(n+c—1) nte—2 xZann+c nte-l Zanx ¢

n=0 n=0

oo
E Y(n+c— el - E an(n+c " — E nT

Z (n+c) n+c—1)x”+c_1—2an(n+c+ 1)z"*e

n=0



The minimum power of z is (¢ — 1). The coefficient of x°~! equated to zero gives

aoc(c—1)=0
assuming ao # 0 we get the indicial equation
cle—=1)=0 = ¢=0,1 (8)
The coefficient of 7™ equated to zero gives
amyi1(c+m+1)(c+m) —am(c+m+1)=0. 9)
or
ami1 = 1 ‘jr'”m).. (10)

The coefficient of z¢ is given by
(c+1ecar —ao(c+1)=0 = a1 =ao/c (11)
Therefore a1 becomes infinite for ¢ = 0This equation belong to CASE-III of Frobenius method.

Using the recurrence relation ([0 we successively get

ar = ao/c (12)
az = ai/(c+1)=ag/c(c+1) (13)
a3 = az/(c+2)=ao/c(c+1)(c+2) (14)
am = am-1/c=ao/c(c+1)...(c+m—1) (15)
Therefore, we get
yee)=ao{1+ 7+ et e et et Dlerm =1 tooh e

Case ¢ = 1: In this we have the first solution given by

2 3 m

x x x
— 1 x et } 1
Y aox{ et e T s T T Tas o T (17)
Thus first solution is
y1(z) = ze”. (18)

Case ¢ = (: For ¢ = 0,we first substitute ag = kc in the series for y(x,c) to get

(xc)—kxc{c+x+ A i TR o +} (19)
y\me) = ct1l) " (crD(ct2) ctl)fctm—1)
Substituting ¢ = 0 we can get solutions
dy(z, c)
= = 2
ya@) =@ a| )= L] (20)

The solution yi14 is seen to coincide with yi(z) of ([I8). The second solution is obtained from ys(z)

of ([20)

2
x 3 1 1
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() e L ey e R ) Bl ey )RR P G
x 2 3373
= kxe (log:v)Jrk‘(lfx 7T+~~~) (22)
The two linearly independent solutions are therefore given by
n(z) = ze”. (23)
2 3Z83

y2(z) = yi(z) 10gm+(1—x —T—f—-n). (24)
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