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§3.1 Basis and matrix representation

We shall now discuss a way of representing vectors in a vector space, having dimension N, by
N component column vectors and linear operators by N x N matrices .
Let X = x1, 29, ...,zN be a basis. Every vector € V can be expanded in terms of the basis
vectors x1, s, ...,xn. Thus
r =21+ §22 4+ FENTN. (16)

The scalars &1, &, ..., En will be called the components of the vector x with respect to the basis
X. Knowing the vector x the scalars &1, &9, ..., £n are uniquely fixed and conversely if the scalars
&1,&, ..., En are given, the vectors in the basis X can be used to get the vector. We shall assemble

the components &1, &, ..., &y in form of an N- component column denoted by x.

&1
T X = &2 (17)

EN

Let x € V be a vector and T be a linear operator. The answers for the column representing a
vector and for matrix representing an operator depends on chioce of basis, and will change when
a new basis is selected.

To find the matrix representing a linear operator 7', we note that the knowledge of the action
of a linear operator on a set of basis vectors is sufficient to know the action of an operator on
any vector. Thus we consider the basis X = x1,z9,...,xn and apply the operator T' on every
element to obtain the set TX = {Tx1, Tz, Txs,...Txy}. Next we expand the vectors in the set

Tz}, so obtained in terms of the basis vectors.

Tap =Y tiprj, k=12, (18)
J

The m** row and n'* column of the matrix T is given by t,,,. We write the above N equations
for k=1,2,.....,N as

Tri =t11x1 +to1we + 13123 + ... HEN1ZN (19)
Ty = t1ox1 + toows + 3003 + ... +EN2TN (20)
Txs = t13w] + togwe + t3303 + ... +tN3TN (21)
Tey =tiNT1 + tonxe + t3nx3 + ... FENNTN (22)
(23)

The rule for constructing the matrix T for the operator T is to collect the coefficients appearing

in the above equations as a matrix and take its transpose. Thus we have

t1n tor t31 ... tn1 tin tiz tiz ... tn
tig  too 32 ... tn2 tor  too  to3 ... ton
T—T= Transpose of t13 t23 t33 PN tN3 == t31 t32 t33 PN t3N (24)

Lin ton t3sN ... ENN tn1 tn2 tns ... INN
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Thus T;; = t;;. With this every vector space of dimension N becomes isomorphic to FN.
Every relation between vectors and operators is equivalent to a relation between N — component
columns and N x N matrices. For example

If y = Tx we have y= T x; Similarly, if AB = C then A = BC where A, B, C are operators

and z,y, .. are vectors in V.

An Example

e Let e; = (1,1,0),e2 = (0,1,1),e3 = (1,0,1) be a basis in R3. Find components of a vector
f = (x,y,2) and represent it w.r.t. the basis {e1,eq,e3}

e Let an operator 7" be defined as T'e; = (1,0,0),Tes = (0,1,0) and Tes = (1,1,1)
Knowledge of action of an operator 7" on a basis is sufficient to find its action on any
vector. Given ey, es,es as above, find the vector g = T'f. 3. Find the representatives of

two vectors f, g and the matrix T w.r.t. the basis (e, 2, e3) and verify that T f=g

SOLUTION

(1) Let f = (x,y, 2) be written as a linear combination of the vectors ey, es, e :

f = ae1 + besy + ces (25)
=(a+c,a+bb+c) (27)
ora+c¢=u; a+b=uy; b+c=z2 (28)
(29)
This is easily solved to give
a=(x+y—2)/2,b=(@y+z-12)/2c=(24+z-y)/2
(2,y,7) = (gc—i—y—z)e1 n (y+z—x)62+ (z—i—ac—y)e3
2 2 2
Thus f — f where
a
f=f = b (30)
c
(z+y—2)
(y+g—x)
f = w2 (31)
(ztz—y)
2

(2) To find how T acts on a general vector h = aej + bey + ces, we compute g = Th. Using the
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linearity property we get

g = Tlae; + bey + ces] (32)

= aTe; +bTey+ cTes (33)

= a(1,0,0) +b(0,1,0) + ¢(1,1,1) (34)

= (a+c¢b+ec) (35)

ST = <x, z, (z—|—+—y)> (36)

For later use we remark that the vector g written as linear combination of {ej, e, e3} becomes

TH+y+z 3z —x — 3r—y—=z
g:( Z Jey 4 ¢ : e, 4 L 4y ) e,

(3) We construct the matrix for the operator w.r.t. the basis (e, e2, e3). For this purpose we
must express Teq,Tes and Teg as linear combinations of ey, es, 3.

T —(100)—1 Lo+l (37)
€1 = s Uy - 261 262 263
1 1 1
Tey = (0, 1,0) = 561 + 562 — 563 (38)
Tes = (1,1,1) = ~e1 + ~e5 + = (39)
€3 = s Ly - 261 262 263

Therefore, the matrix, T, respresenting the operator 7' w.r.t. the basis {e1, e2, e3} is given by

1 1 1
2 T2 2
T = Transposeof | £ 1 1 (41)
O G
2 2 2
1 1 1
N T 11
2 2 2
A second way of computing the vector ¢ is to apply T on f to get g as follows.
13 (x4+y—2)/2
g=Tf=| —5 1 L | x|(y+z—2)/2 (43)
? "2 03 (z+2—y)/2
or
(r+y—2)/4
9= 1{Bz—z—y)/4 (44)
Bz —y—2)/4

This gives the components of the vector g w.r.t. the basis {e1, e2, e3}. To get back the vector
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we recnostruct the vector g as

THy+z 3z —x — 3r—y—=z
_ Z ey 4 ¢ : Y, 4 ! 4y ) e,

_ (:c+y+z)’(a:+y+z)70
E(O’ (Zil%z—x—y) 4(3296>y)>

4 ’ 4
+<(3x—y—2) 0 (3w—y—2)>

4 T 4

- (x,z, @LZ—M>

which agrees with the result obtained above.
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