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81 Introduction

We recall a few facts from previous lectures on vector spaces. Every finite dimensional vector V
(dimension = N) is isomorphic to C™V. This is demonstrated by selecting a basis £ = {e;, €3, ,en}
in the vector space and writing arbitrary vector x as a linear combination of elements in &. The
coefficients appearing in the linear combination can be assembled in form of a N— component
column vector, to be denoted by x.

The action of a linear operator on vectors in the vector space is determined once we know the
action on the elements of any basis. Thus given a linear operator T, knowledge of vectors in the set
T¢ ={Tey,Tey, -+, Tey}, by linearity, determines action of 7" on an arbitrary vector. The vectors
in 7¢ in turn, like every other vector in V', are completely specified by their expansion coefficients in
the basis elements £. The action of the linear operator T" on an arbitrary vector x can be computed
from the knowledge of the coefficients which appear when the vectors in T° are expanded in terms
of the vectors in £. These coefficients can be arranged conveniently as a matrix T. Thus Given a
basis &, we represent



(a) vectors z in V' — N component columns x
(b) linear operators T"on V' — N % N matrices T

If a new basis u = {uy,us, -+, } u selected we will have the representatives of the vectors and
operators will change and we will have

(a) vectors z in V' — N component columns x
(b) linear operators T"on V' — N % N matrices T

If S is a linear operator such that Se, = u,, k = 1,2,--- .N. Then the representatives of vectors
and operators w.r.t. the two basis set are related by

x=9""'x; and T=S"'TS

Let us note in passing that the columns representing the elements of a basis are given by

1 0 0

0 1 0
€ = ; €y = ) €N =

0 0 1

The above discussion applies to any finite dimensional vector space. The above discussion applies
to OV with V replaced by CV everywhere because CV can be regarded as a vector space in its own
right. Vectors in CV are N— component column vectors and linear operators in CV are N x N
matrices. In this context I would like to remark that, although two different matrices are different
linear operators in C', it is sometimes useful to regard similar matrices as representing the same
operator w.r.t two different basis sets.

The Vector Space CV: The correspondence between the notation for abstract space used so far
and CV is as follows.

Vector in CV: The vectors in CV are N—component column with complex entries. Thus if z
and y are vectors in CV then

&1 nm
fN nn



Scalar Product: The scalar product of two vectors x and y in C¥ is defined as

m
(ZL','!/) — xT Yy = [ §1*7£2*7 T 7£N* ] n2
nn
= {m+&nat o+

= Zfiﬁﬂk
k

Linear Operators: If T is an N x N complex matrix then the matrix multiplication, 7T}, gives
another vector in CV and it defines a linear operator. In fact the set of all N * N matrices is
isomorphic to the set of linear operators on CV. Many properties of linear operators have been
studied for linear operators on finite dimensional vector spaces. They

are all applicable to the N x N complex matrices. However, a study of the properties of complex
matrices is useful in its own right. This is what we plan to do in the next few lectures. When
ever needed, we shall make use of results from the previous lectures on linear operators. In the
following we assume the matrices are complex square N— dimensional. [T7];; will be used to denote
an element of a matrix 7', appearing in the i row and j** column.

Hermitian Adjoint: The hermitian adjoint of a linear operator, denoted by T, satisfies the
relation
(y,Tx) = (TTy, ) for all vectorsz and y

This relation can be taken as the definition of the adjoint operator 7' in (finite dimensional) vector
spaces. Given an N x N matrix how do we define its hermitian adjoint so that it is consistent with
the above definition ? We shall now obtain a relation between [T7];; and [T);; using the above
relation. We compute

3
(y,Ta) = y'(Tz)=[ni,m5, - 05 | [T] 52
En

= > 0Tl



and

= (T"y,2) = (2,Ty)"
Ui
= complex conjugate of[ §5,67, - ENT } [T7] 772
1IN
= [ & Tyn | = [ Z& [Ty ]
= ZUT[TT]Z‘SJ‘ = ZU;[TT];&

The requirement (y, Tx) = (T"y, z) should hold for arbitrary vectors. Hence the adjoint of a matrix
T should have its elements [T7];; related to the matrix elements of T by [T'1]; = [T];; which is
equivalent to

[T = (11,

mk

Basic Definitions:

1.

10.
11.

12

. A matrix X is hermitian if X7 = X, or, [X];; = —[X]3

. A matrix X is anti-hermitain if X7 = —X, or [X];; = —[X]};

Given a matrix A, its transpose is the matrix obtained by interchanging rows and columns.
The transpose of a matrix A will be denoted by AT. We thus have [AT];; = [A];;.

. The hermitian adjoint of matrix A, denoted by AT, is obtained by taking the complex conjugate

of the transpose of the matrix A. Thus AT = (A”)* and [A'];; = [A];

Ji

. A matrix X is symmetric if X7 = X, or, [X];; = [X]

. A matrix X is anti-symmetric if X7 = —X or, [X];; = —[X];i

J

Jt

A matrix X is orthogonal if X7X =1, or, X7 = X!

. A matrix X is unitary if XTX =7 or , XT = X!

. A matrix X is normal if X commutes with XT or . XTX — XT =0

A matrix X is nilpotent if X" = 0 for some r.

A matrix X is called upper (lower) triangular matrix if all its elements below (above) the main
diagonal are zero.

A matrix X is invertible (or non-singular) if det X # 0

4



13. A matrix X is A and B are called similar if there exists an invertible matrix X such that
A=XBX!

Determinants of Unitary and Orthogonal Matrices: If U is a unitary operator then det U =
exp(ic) where av is a real number.
Proof: Taking determinant of U U' = I we get

det(U Uy =1 = det U det(U)' =1 = det(U™) = 1
= detU(detU)* =1 = det U =exp(ia), « real

Then an orthogonal matrix is has determinant = 41 follows in a similar fashion from 007 = 1

The Trace: The trace of a matrix is defined as the sum of its diagonal elements

Trace(A) = Z[A]kk

k=1
Tr(A) or tr(A) are used shorthand notation for the trace of a matrix. The trace of product of
(finite dimensional) matrices satisfies the cyclic property:
tr(AB) = tr(BA);
tr(A1AgAs -+ A,) =tr(A A1 Ag -+ - Ary).
We shall give the proof of the cyclic property for product of two matrices.

tr(AB) =Y (AB)ix = > ) (AimBur) = > > (AmBuk)

where we have interchanged the two summations in the last step. Thus we get

tr(AB) = (BA)ym = tr(BA)
m
For a product of more than two matrices the result follows from tr(AB) = tr(BA) and identifying
A— Ay and B — AyA3---  A,.
Since the proof makes use of interchange of two summations, the cyclic property is not valid for
operators in infinite dimensional vector spaces and for infinite dimensional matrices. Thus the
commutation relation for
Tp—pr=1
two operators & and p can not be satisfied in a finite dimensional vector space.
The cyclic property of the trace impels that the trace of two similar matrices is equal. For let A
and B be two similar matrices. Then there exists a non-singular matrix X such that A = XBX~!

tr(A) =tr(XBX 1) =tr(X 'XA) = tr(B)



§2 Computation of Eigenvalues and Eigenvectors

Eigenvalues and Eigenvectors: We say that ) is an eigenvalue of a matrix A, (N x N), if there
exists a non zero vector u such that Au = Au. The vector u is called eigenvector of A corresponding
to the eigenvalue \.

Note that if u is an eigenvector of matrix all scalar multiple, Su, are also eigenvectors with the same
eigenvalue.

Let v be the number of linearly independent eigenvectors u corresponding to a given eigenvalue \.
If v =1 we say that the eigenvalue is non degenerate. If v > 1 the eigenvalue A is degenerate and
then v to called the degeneracy of the eigenvalue.

If o be a degenerate eigenvalue of A with degeneracy v. Let the corresponding eigenvectors be
Uy, U, - -+ ., U,. Then by definition we have

Auy = auq;  Aug = Quo; -+ Auy, = auy;
If we form a linear combination
w=&up + Euo + -+ Eu,

where £’s are arbitrary complex numbers, then vector w is also an eigenvector of A with the same
eigenvalue o, Aw = aw.

The set of all eigenvectors corresponding to a fixed eigenvalue of a matrix is a subspace of C*V.
The dimension of this subspace is precisely equal to the degeneracy of the eigenvalue.

To find eigenvalue and eigenvectors we start form the equation Au = Au in the form
(A= X)u=0

We shall now discuss example of computation of eigenvalues and eigenvectors for four real matrices.

EXAMPLE — 1
We shall at first compute the eigenvalues and eigenvectors of the matrix A matrix A where

3 -5 —4
A=| -5 -6 -5
—4 -5 3

The eigenvalues are given by det(A — ) =0
3—XA =5 —4

det -5 —6—-—XA =5 =0
—4 -5 3—A



Expanding the determinant gives the characteristic equation
AP — 93\ +308 =0
Factorizing the left hand side we get
A=4)A=7)(A+11)=0

Thus the characteristic roots are A = 4,7, —11
To find the eigenvectors we start with (A — A\l )z = 0, Let x be given by

3—A -5 —4 o
-5 —-6—X =5 61 =0
—4 -5 3—A 0

Eigenvectors for A =4 : The equation for the eigenvectors becomes
-1 -5 -4 «

5 —10 =5 || B | =0
—4 -5 -1 ~

or
—a—5f—-4y=0 (1)
—b5a—108—-57=0 (2)
—4a—=5—-7=0 (3)
Subtracting (2] from ())gives
3a— 3y = 0; SLa=ry
Subtracting o = 7 in ([))gives
—57 =56 = 0; SB=—
1
Thus the eigenvector becomes z = ~ | —1 |, where ~ is arbitrary. Sometimes it is fixed by
1

demanding z" x = 1. We shall take the unknown 7 to be equal to 1.
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Eigenvectors for A = 7: The equation determining the eigenvector takes the form

-4 -5 -4 a
5 —13 =5 | | 8| =0
4 5 4| |~
4o —B5B—dy =0
50 —138—57 =0
—da—58—4y=0
4% (@) —5*([@) =0= 5 =0. Substituting =0 in ([)) gives o = —.

— 1
Thus we obtain x = 0 which, on taking v = —1, becomes 0

¥ —1
Eigenvectors for A = —11: The eigenvector x is determined from the equation

14 -5 —4 «

-5 5 =5 g1 =0
4 -5 14 ||~
—lda -5 -4y =0
—ba+58—-5y=0
—4da -5+ 14y =0

(7)
(8)
(9)

The equation ) is o + 5+ v = 0 and ({@)-(@) implies o = =, hence B = 27 Thus we obtain

Y 1
x = | 27 | which, on taking v = —1, becomes | 2 | Thus the final results for the eigenvalues
¥ 1]
and the eigenvectors are
1 1] 1
vy=4,1 —1 |; A=T71 0 |; A= —11,
1 —1 1

EXAMPLE — 2|
As a second example we take the matrix

5 —6 —6
A= -1 4 2
3 —6 —4



The eigenvalues are given by det(A — AI) = 0.

5—A —6 —6
-1 4-A 2 =0
3 —6 —4—-A

Expanding we get the characteristic polynomial to be A*> — 5\ + 8\ — 4 which can be factorized to
become (A — 2)%(A — 1) = 0. Thus the characteristic roots are A = 1, and 2 (repeated twice).

To find the eigenvectors we again start with (A — AI)z = 0.

5-A -6 -6 a
—1 4-X 2 B =0
3 6 —4-X| |~

Eigenvectors for A =1: The equation for the eigenvector becomes

4 -6 —6 a
-1 3 2 61 =0
3 -6 -5 v

which is equivalent to the following equations

4o — 65 — 67 =0 (10)
—a+38+2y=0 (11)
3 — 65 —5y=0 (12)
(IO)-(T2) implies v = a. This together with (II]) gives v = —38. Taking 8 =1
3
we get the eigenvector to be | —1
3

Eigenvectors for A = 2
3 —6 —6 !
-1 2 2 g1 =0
3 —6 —6 ¥

This is equivalent to the following three equations
3aa— 68 —67=0 (13)
—a+28+2y=0 (14)
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30— 68— 6y =0 (15)

It is seen that the three equations are not independent, and that there is only one independent
relation between «, 3, which we take to be a = 28 + 2y. With  and 7 remaining arbitrary the

eigenvector takes the form

28 4 2y
T = 6] (16)
Y

There are two ways of proceeding.
1. We write the eigenvector as

28+ 2y 2 2

T = B =0 1|+7]0

v 0 1

This clearly shows that an eigenvector for the case A = 2 is a linear combination of two linearly
independent vectors

2 2
1 and 0
1

2. We can take two sets of values for g and ~ in such a way as to obtain two linearly independent

eigenvectors.
2 2
Thus can takes,f = 1,7 =0 giving | 1 | and next we select § =0,y =1 giving | 0
0 1

EXAMPLE — 3] Our next example is

3 1 -1
A=12 2 -1
22 0

The eigenvalues are determined from det(A — AI) = 0 or from

3—Xx 1 -1
2 2—=-X —-1]1=0
2 2 =)
The characteristic polynomial is found to be

A BN+ 8\ —4=0
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or

A=1)(A—2)2=0

Thus the eigenvalues are A = 1,2. The root A = 2 is a double root. The corresponding eigenvectors
are obtained by solving for «, 8, and v from

3—A 1 -1

2 2—-X —1
2 2 —A v

= Q
I
o

Eigenvectors for A =1

2 1 —1 o)
2 1 -1 g1 =0
2 2 -1 v
This is equivalent to the three equations
20+ —-v=0
2+ —-v=0

20+ 28 —v=0
These equations are solved to givey = 2a and g = 0. Taking o = 1, we find the eigenvector for
1

A=1tobe | O
2

Eigenvectors for \ = 2.
11 -1 !
2 0 —1 g1 =0
2 2 =2 v

In this case the equations which determine «, 5 and v are

a+B—-v=0 (17)
20—y =10 (18)
20+20—-2y=0 (19)
Subtracting (I7) and ([I3) from ([I8)implies, respectively, « =  and v = 25.
1
Therefore the eigenvector is found to be | 1
2
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EXAMPLE — 4| In this example, the matrix has all the three eigenvalues are equal and there
are two linearly independent eigenvectors.

The eigenvalues are given by det(A — A\I) = 0 which takes the form

2—-A 1 2
1 2—X =2 =0
-1 1 5—A

To find the eigenvectors we start with (A — AI)x = 0. This equation for A = 3 is

~1 1 2 a
1 -1 =2 || B8]|=0
-1 1 2 ~

These equations give only one independent relation

a= [+ 2y (20)
B+ 2y
between «, 3,7. Thus we get x = 15} . This answer can be written as
Y
1 2
r=p11]+~v]0 (21)
0 1

We see that the there are two independent eigenvectors

1 2
x=11]; xe=10]. (22)
0 1

In this example, the characteristic equation has a root, 3, repeated three times and that there are
two eigenvectors.

EXAMPLE -5
In the last example we will find that all the three roots of the characteristic polynomial are degen-
erate and that there is only one linearly independent eigenvector.

210
A=10 2 1
00 2
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The eigenvalues are given by det(A — AI) = 0 which takes the form

2-A 1 0
det 0 2-=2A 1 =0
0 0 2-A

Expanding the determinant gives (A — 2)? = 0. In this case there is only one root, A\ = 2, of the
characteristic polynomial and the root is repeated thrice.
The eigenvector is obtained by solving

2-\ 1 0 a
0 2-X 1 Bl =0 (23)
0 0 2-x] \n

Substituting A = 2, gives

01 0 Qo
0 01 61 =0 (24)
000 ol

which gives f =~ = 0 and « is not determined. Taking a = 1 we have the eigenvector given by
A =2, 0 (25)
The characteristic equation has a root A = 2 repeated three times and there is only one eigenvector.

§3 Properties of Eigenvalues And Eigenvectors

In this lecture we discuss with some simple properties of eigenvalues and eigenvectors.

Properties of eigenvalues and eigenvectors

1. If two matrices A and B are similar and A is an eigenvalue of A then it is also an eigenvalue
of the matrix B.

2. A matrix T is not invertible if A\ = 0 is an eigenvalue of 7.

3. If A is a matrix, with det A # 0 and if ) is an eigenvalue of A, then A\~! is an eigenvalue of
A—l
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4. Let A be a matrix and let\ be its eigenvalue. Let P(A) be a polynomial in A. Then P()) is
an eigenvalues of P(A)

5. Let A be a triangular matrix. The eigenvalues of A coincide with the elements on the main
diagonal.

6. If D is a diagonal matrix, eigenvalues of D are its diagonal elements.

7. Product of all eigenvalues is equal to the determinant of the matrix and the sum of all
eigenvalues is equal to the trace of the matrix. If the characteristic polynomial for the matrix
has root repeated m times, the corresponding eigenvalue must appear m times in the product
or the sum.

8. For a hermitian matrix we have the following results.

(a) The eigenvalues are real.

(b) The eigenvectors corresponding to different eigenvalues are orthogonal.
9. For a unitary matrix we have the following results.

(a) The eigenvalues are pure phase, i.e., of the form exp(ic) where « is a real number.

(b) The eigenvectors corresponding to different eigenvalues are orthogonal.

10. The eigenvectors of a matrix corresponding to distinct eigenvalues are linearly independent.
Proofs:

First Proof:

1. A and B are two similar matrices. Therefore there exists a non-singular matrix X such that
A=XBX!

The eigenvalues of the matrix are the roots of the characteristic polynomial det(A — AI).
Consider

det(A—1) = det(XBX ' —\I)
det{X(B — A\[) X'}

det X.det(B — AI).det X!
= det(B — \I)

The characteristic polynomials for the matrix A and B therefore equal. Hence the two matrices
have set of eigenvalues.

14



Second Proof: Let u be an eigenvector of A with eigenvalue A\. Then Au = Au. Substituting
for A from A = XBX ! we get

XBX 'u=Xu, or BX lu=X'X"lu
If we define v = X~ 1u we get
Bv = .

Therefore ) is an eigenvalue B with eigenvector v = (X ~1u).

. A matrix T is singular (not invertible) if and only if det 7" = 0. For a singular matrix 7" we,
therefore, see that the characteristic polynomial p(A) = det(7 — AI) vanishes for A = 0. Hence
0 is an eigenvalue of the matrix.

. Let A be a matrix which is invertible. Then det A # 0 and A = 0 is not an eigenvalue. Hence
if \g is an eigenvalue of A, then A # 0 and the characteristic polynomial, p(A) = det(A — \I),
for A will vanish.

det(A—Nl) =0 < det{A(l — XA )} =0
det Adet A\g{(1/Xg)] — A7} =0
det{(1/X)] — A"} =0
det{A™" — (1/X)I} =0

Tt ¢

The last result means that det(A~' — AI). which is the characteristic polynomial for A™!,
vanishes when \ = 1/), showing that 1), is an eigenvalue of A~!.

. Let us assume that
p(A) = ag + ay A+ agA® + - 4 a, A"

Let A be an eigenvalue of the matrix A and the corresponding eigenvector be u. So that

Au = I,
Au = A(wu) = NAu = \u
Ay = ANu) = N Au= \u
A"y = N'u
(ag + a1 A+ agA? + -+ a,Au = (ag+ oA+ ag\? + -+ a,\")u

(or)

Thus it has been proved that the vector u is an eigenvector of the matrix P(A) and that P(\)
is an eigenvalue of the matrix P(A).

15



10.

. Let T be a triangular matrix, upper triangular for definiteness.

ayy Qa2 - Qip
o 0 axp -+ ag
A=
0 0

0 0 0 apy

The eigenvalues are given by

a1 — )\ a19 cee Q1ny
0 g — A - Q2n,
det(A — M) = det 0 0 ! =0
0 0 0 apn—A
Expanding along the first coloum we get
a99 — A 923 s Ao N
det(A—XI) = (a;; —\) 0 asz — A - asn
0 0 0 aANN — A

(an_)\)(am_)\)...‘...‘
= (a1 = A)(az2 = A) - (apn — A)

Therefore, the eigenvalues, determined from det(A—AI) = 0, are the elements aj;, s, -, anp
on the main diagonal.

. This is a special case of the result [5].

The proof is obtained by expanding det(A — AI) =0

. The result was proved earlier for hermitian operators and is applicable to the hermitian

matrices which are hermitian linear operators on complex vector spaces.

. As the unitary matrices are also unitary operators on CV the result on the eigenvalues and

the eigenvectors follows from the corresponding result for unitary operators on any complex
inner product space.

Let uy,us,- -+ ,u, be the eigenvectors of a matrix A with eigenvalues A1, Ao, -+, A,.. Let the
eigenvalues A, Ag, - -+, A, be all distinct. We have to prove that u, k = 1,---n are linearly
independent. We start with

U1 + aatlg + agug + -+ apu, =0 (26)

We define Pi(A) = (A — Az)--- (A= A;) =1 (A — Ax). Recall that from result [4] above,
Au = Au implies P(A)u = P(\)u where P is a polynomial. Therefore it follows.

16



Lecture - 3: Properties of Eigenvalues and Eigenvectors

Py(A)uy = PiA)ur = (A1 = X) (A = Ag) - (A — A)ur = PO
Pry(A)us = PrA2)tz = (A2 — A2) (Ao — As) -+ (Ao — An)ug = 0
Pl(A)Ug = Pl()\g)u:), = ()\3 — )\2)()\3 — )\3) e ()\3 — )\n)U3 = 0
Py(A)u, = PiA) e = (A — A) Ay — As) - (Ar — A)uy = 0

Thus we have the result that Py (A)u; =0 for j =2, -, r. Multiplying (20) with P, (A) gives
061P1<)\1)U1 =0

because all \; # A;.P;(A\1) is not zero hence ay = 0. Similarly we can prove that o = -+ =
o, = 0 by multiplying (20) successively by P;(A) for j = 2---n, where P;(A) = I17;(A— ).
This proves that the eigenvectors of a matrix with distinct eigenvalue are linearly independent.
The above result [10] implies that if for an N % N matrix the characteristic polynomial has N
distinct roots then the matrix has N-linearly independent eigenvectors. We shall give some
other sufficient conditions for an N % N matrix to have N linearly independent eigenvectors.

g4 Diagonalization

In a finite dimensional vector space, every operator can be represented by a matrix. The
values of the elements of the matrix representing an operator will obviously depend on the
choice of basis. Let A be an operator in an N dimensional complex vector space. Let A be

such that the eigenvectors of A form a basis. Let us denote the eigenvectors by uy, ug, -« , un.
Then
Tu1 = )\1U1 = )\1U1 -+ O.UQ —+ O.U3 + e+ O.UN
TUQ = )\QUQ = 0.U1 -+ )\UQ -+ O.Ug + -4 O.UN
TU3 = )\3U3 = O.U1 + O.Ug + )\Ug + -+ O.UN
TUN:)\NUN = OU1+OU2+0U3++>\NUN
We can now construct the matrix representing the operator T w.r.t. the basis {uy, ug, -+ ,un}.

This is given by the transpose of the matrix of coefficients in the above equations. Thus the

17



operator T is represented by a diagonal matrix:

A 00 0
0 X O 0
T— | 0 Az 0
0 cee
00 0 - Ax

Definition: Let A be a matrix if there expiates a non singular matrix X such that
XTAX = A,

where A is a diagonal matrix, we say that the matrix A can be diagonalized and that the
matrix X diagonalizes A.

Recall that whenever two matrices are similar they represent the same operator with respect
to two different basis sets. Thus a matrix A can be diagonalized is equivalent to saying that
there exists a basis such that the corresponding operator takes a simple diagonal form. From
the above discussion it follows that a matrix can be diagonalized if and only if its eigenvectors
form a basis set. We shall be concerned here with general conditions under which a matrix
has enough linearly independent eigenvectors to get a basis.

We have already seen in the previous lecture that the eigenvectors of a matrix corresponding
to distinct eigenvalue are linearly independent. Thus if the characteristic polynomial p(\) =
det(A — M) has N distinct roots, the matrix will have N linearly independent eigenvector and
these will form a basis (because the no. LI vectors =N = dimension of space). Selecting the
eigenvectors as the basis will be related to the original form by a similarity transformation.
Thus we shall have

N O - 0
XTAX = oo 0
0o 0 - )\.N
where Aq, A9, - -+, Ay are the eigenvalues of the matrix A. To summarize we have the following

result.

Theorem: A matrix can be diagonalized if all the roots of is characteristic polynomial are
distinct.

This converse of this theorem is not always true. There are matrices for which the charac-
teristic polynomial does not have distinct roots but the matrix can be diagonalized. In this
connection we state a useful result.

18



Theorem: If a matrix is normal then it can be diagonalized.

Hermitian, anti-hermitian and unitary matrices are important subsets of set of all normal
matrices.

A real symmetric matrix is hermitian and hence can always be diagonalized. A real antisym-
metric matrix is anti-hermitian and therefore can be diagonalized. A real orthogonal matrix
is unitary and hence normal and therefore can always be diagonalized.

It is easy to give example of matrices which cannot be diagonalized. See the matrices of
Example (3) and Example (4) in Lecture-2. The eigenvectors of these matrices do not form a
basis and hence they cannot be brought to a diagonal form by a change of basis. The simplest
possible forms, other than the diagonal form,to which a matrix can be brought by a change
of basis can be classified. These forms are known as Jordan canonical forms. Results on this
topic of Jordan canonical forms will not be discussed here.

Suppose a matrix A can be diagonalized. How do we find the matrix X which diagonalizes
A(i.e.satisfies X 'AX = diagonal)? The method for doing this will be given by means of an
example.

Lecture - 4 Diagonalization
Let is consider the matrix

3 -5 —4
A=| =5 -6 =5
-4 -5 3

We wish to find the matrix which diagonalizes the above matrix. We first find eigenvalues
and eigenvectors. This was done in Lecture -2. The eigenvalues and eigenvectors were found
to be

1 1 1
A=4, wu =] =1 |;A=7, uy= 0 [;A=—-11, wug=| 2
1 —1 1

Note that the eigenvalues are all distinct. Thus the eigenvectors form basis. The columns of
the matrix X are simply the three eigenvectors. Thus

19



It is easy to verify that X 'AX = a diagonal matrix:

3 -5 —4 4
X' =5 =6 -5 | X = 7
—4 -5 3 —11

as it should be. Note that the matrix X is not unique. It is possible to perform operators on
X such as

(a) interchange of columns
(b) multiplying X by a non-zero complex number

to get a new matrix X which will also diagonalize the given matrix A.
To summarize the following classes of N x N matrices can be diagonalized.

(a) matrices with N distinct eigenvalues
b

(b) hermitian matrices
(c) anti hermitian matrices
(d) unitary matrices
(e) real symmetric matrices
(f
(g

(h) normal matrices

real antisymmetric matrices

N ~— ~— ' ~—— ~—

real orthogonal matrices

What can be said about the matrix X which diagonalizes a given matrix A7 In this connection
we state the following results.

The matrix, which diagonalizes a hermitian matrix, can be chosen to be unitary.

For a unitary matrix also the result [1] is true. The matrix which diagonalizes a unitary
matrix can be chosen to unitary.

A real symmetric matrix is hermitian and as a special cases of [1], it can always be diagonalized
by a unitary matrix, Also in this case the matrix which diagonalizes a real symmetric matrix
can be chosen to be real orthogonal.

Remark: It is not correct to say that the matrix which diagonalizes a real matrix will always
be real. For example, the matrix which diagonalizes the matrix

{ cosf) —sinf ]

sinff cos0

is a complex matrix and cannot be chosen to be real.
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Functions Of Matrix: Let A be matrix which can be diagonalized. There exists a matrix
X such that

N O - 0 N O - 0

0 Ao 0 0 X 0
XtAX = ) ) or,A=X ) ) X!

0 : : 0 : :

where \; are the eigenvalues of the matrix A. The given a function f(.), define f(A) so as to
satisfy

X F(A)X — g f(X2) | 0
Thus we arrive at the following definition of function, f(A), of matrix A
f(A1) 0 0
F(A) =X 2 fa) | 0 X!
00 JOw)

If the function f(.) has a power series expansion (e.g. the exponential function) the series can
be used to define the matrix function, f(A), of matrix. For example,

exp(A) =1+ A+ A%/21 + A3/3! + - ..
whenever both methods are applicable they give the same answers.
As with the functions of real or complex variable, some functions can be defined only if the

matrix satisfies additional conditions. For example, log A or v/A etc. can be defined only for
positive definite matrices.

Caley Hamilton Theorem: The Caley Hamilton theorem states that every matrix satis-
fies its own characteristic equation.

Let p(A) = det(A — A\) = ag + ay A + aA? + - - - + ay A be the characteristic polynomial of
the matrix A. The characteristic equation is p(A\) = 0. The Caley Hamilton theorem asserts
that

p(A) =0
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(or,)

OZQ+041A+042A2+"'+O{NAN:0

is satisfied as a matrix equation.

Proof: Let B = adj(A — AI) denote the adjoint matrix formed the cofactors of the matrix
A — M. Then B can be written as

B=DBy+ B+ B+ -+ By AV

where By, By, Bo, - -+, By_1 are matrices which do not depend on A. Note that the elements
of B are polynomials in A of max degree N-1 only. By the definition of adjoint of a matrix we
have

B(A — ) =det(A— Al).1
Substituting for B we get
(Bo + BiA+ BoA? + -+ By AN (A = X)) = det(A — AI).T
Comparing powers of A on both sides we get

BoA = apl
Bi1A— By = a1l
ByA— By = sl
B3A— By, = a3zl

— BN_1 = Ole

Multiplying these equations successively on the right by I, A, A% --- AN we and on adding
get
(BiA — By) + (BoA — B))A + (B3A — By)A? + -+ — By_ AV

:OZQ+()(1A+042A2+"'—|—()(NAN

All the terms on the left hand side cancel pairwise and we get the desired result.

OZQ+041A+042A2—|—"'—|—O(NANZO
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85 Discussion Forum

Question: If a 3 x 3 matriz A has only two distinct eigenvalues, then how to construct a 3 x 3
matriz P which diagonalizes the matriz A%i.e. how to get a matriz P such that

P7YAP = diagonal matriz?
(i) If a 3 x 3 matrix A has only two distinct eigenvalues, then there are two possibilities.

(ii) It may have three independent eigenvectors. In that case the matrix can be constructed as usual.
See Example 2, page [§2] of [QuickReview-Matrices.pdf

(iii) The matrix may have only two eigenvectors as is the case in Example-3 on page[[0lof QuickReview-Matrices. pdf.
In this case the matrix P does not exists and the given matrix A is cannot be diagonalized.

Question: How to find linearly independent eigenvectors?

(i) Read the examples calculating eigenvalues and eigenvectors of a matrix carefully.
Question: What is the most general form of a matrix which can be diagonalized and has all three
eigenvalues equal?

(i) Suppose S is matrix which has all three eigenvalues equal to some value o and suppose it is diago-
nalized by a matrix P. Then we must have

P71SP = a Diagonal matrix D (27)
.S = PDP! (28)
where
a 0 0
D = |0 a 0| =af (29)
0 0 o

where 1 is identity matrix. Hence
S =PDP ' =aPIP ' =al. (30)

Thus the given matrix must be a multiple of the identity matrix.
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Question: What is pure phase? of QuickReview-Matrices
(i) By pure phase I mean complex number z such that |z| = 1.
(ii) Every complex number can be written in polar form
z=re
So z is pure phase when r = |z| = 1.

(iii) A pure phase is a complex number of the form e'® where « is a real number.
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