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Example Given mixed a state |ψ〉, the corresponding density matrix is uniquely

determined as ρ = |ψ〉〈ψ|. However the same is not true for a mixed state. We shall

demonstrate that same averages can be obtained by two different density matrices.

Consider a density matrix for spin half system given by

ρ =
3

4
|0〉〈0| + 1

4
|1〉〈1| (1)

Let |a〉, |b〉 be two orthogonal vectors defined as follows.

|a〉 =
√

3

4
|0〉+

√
1

4
|1〉 (2)

|b〉 =
√

3

4
|0〉+

√
1

4
|1〉 (3)

So that

|0〉 = 1√
3
(|a〉+ |b〉), |1〉 = (|a〉 − |b〉) (4)

The given density matrix takes the form

ρ =
3

4
|0〉〈0| + 1

4
|1〉〈1|

=
3

4

(1
3
(|a〉 + |b〉)(〈a| + 〈b|)

)
+

1

4

(
(|a〉 − |b〉)(〈a| − 〈b|)

)
(5)

=
1

2
|a〉〈a| + 1

2
|b〉〈b| (6)

Thus same averages can be obtained from two different ensembles. In general if we

are given a density matrix

ρ =
∑

n

pn|ψn〉〈ψn| (7)

where {|ψn〉} are a set of orthogonal vectors. Let U be a unitary matrix. Define

|φn〉 by
|φn〉 =

∑

n

Unm|ψm〉. (8)

Then the set of vectors {|φn〉} is an orthogonal set. The density matrix ρ̃ defined as

ρ̃ =
∑

n

pn|φn〉〈φn| (9)
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gives the same average for every observable X. To prove this statement let us define

the matrix element

(X)mn = 〈ψm|X̂ |ψn〉 (10)

Then the average of X̂ is given by

X̂ρ = trρX̂ (11)

=
∑

mn

ρnm(X)mn (12)

=
∑

mn

〈n|ρ|m〉 · 〈m|X̂ |n〉 (13)

=
∑

mn

∑

j

pj〈n|ψj〉〈ψj |m〉 · 〈m|X̂ |n〉 (14)

=
∑

j

pj〈ψj |X̂ |ψj〉 (15)

=
∑

j

pjtr
(
X̂ |ψj〉〈ψj |

)
. (16)

Since U is a unitary transformation
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Bloch representation A general density matrix for mixed state of a two level

system is

ρ =
1

2

(
I + ~r · ~σ

)

Problem Show thatthe above density matrix represents a pure state if and only

if vector ~r is a unit vector, |~r| = 1.

Problem Give explicit expressions of two different density matrices for a two level

system which will give rise to the same average values.

qiqc-lec-03003 Created : Printed :December 6, 2021

Proofs License: Creative Commons No Warranty, Implied or Otherwise

Open LATEXFile qiqc-lec-03003

2

http://creativecommons.org/licenses/by-nc/4.0/

