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1 Bloch Sphere:

A qubit may be thought of a spin 1

2
state vector. If spin projection along

direction (θ, φ) is +1

2
the corresponding state vector must be eigen vector of

(n̂ · ~σ) with eigen value 1.

(n̂ · ~σ)

(
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β

)

=

(
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β

)

(1)

Writing
n̂ = (sin θ cosφ, sin θ sinφ, cos θ), (2)

the normalized eigenvector can be written in the form

χ =

(

cos(θ/2)e−iφ

sin(θ/2)

)

(3)

comparing with
(

α
β

)

we see that

|α| = cos
θ

2
|β| = sin

θ

2
, 0 ≤ θ ≤ n (4)

e−iφ =
α

|α|
. 0 ≤ φ < 2π (5)

Thus qubits, apart from an over all phase, are in one to one correspondence
with points (θ, φ) on a unit sphere. Representation of qubit by a point on
sphere is known as the Bloch sphere representation.
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Representation of pure and mixed states

The density operator corresponding to the pure state (3) is

ρ =
1

2
(I + n̂ · ~σ) (6)

with |n̂| given by (2).
For |~m| < 1, the vector ~m represents a point inside the Bloch sphere and

the density operator

ρ =
1

2
(I + ~m · ~σ), |~m| < 1 (7)

represents a mixed state since ρ2 6= ρ.
Thus the pure states of qubit are in a one to one correspondence with

points on the sphere (pure states). The points inside the Bloch sphere cor-
respond to possible mixed states of a qubit.

Question for You: Compute eigenvectors of n̂ · ~σ with eigen values ±1.
Verify that a normalized eigenvector with eigen values ±1 can be cast in the
form (3).
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