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1 Weak field approximation
In Coulomb gauge the Hamiltonian for an electron in an atom is described
by H' = Hy + Hs, where
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H =-SA.5  Hy=-——_A2 (1)
mec 2me

It will be seen that the term Hs is of higher order as compared to H; and

can be ignored in the first order calculations.

2 The Poynting Vector

The plane wave solution for the vector potential ff(F, t) can be written as

A(7,t) = Agexp (ik - 7 — iwt) + c.c. (2)
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where c.c. means complex conjugate. Taking Ag = |Ag|e’®, the expression

vector potential in ( (2]) ) can also be written as
A(7,t) = | Ao(w)| cos (ik - 7 — iwt) (3)

The Poynting vector N = ﬁ(ﬁ X é) relates the amplitude |Ap(w)| the
energy density per unit frequency. The energy in the frequency range w,w+

Aw is in fact given by

w2 L2
I(w) = z—m’Ao |Aw (4)

3 The matrix element

If we write Ay = \ffg]é,where é gives the direction of polarization, the matrix

element appearing in Eq.(??) is then written as

(f|Hili) = |Ao|(f| exp(ik - 7)é - pli) (5)

4 Dipole approximation

For atomic transitions in the lowest order it is a good approximation to

replace exp(iE -7) by 1. Thus the matrix element becomes

(fIH1li) = [Ao|(fle - pli) (6)

Next we note the commutator of é - p'is proportional to the commutator of
2
é - 7 with the Hamiltonian Hy = 42— + V(7)

(é-7)Ho— Ho(é-7) = —é-p (7)

1
m
Taking matrix element between the two states |i) and |f) we get
R S
(fle- THoli) — (f|é - THoli) = ih—(fle - p1f) (8)

Using the fact that |i) and |f) are eigenvectors of Hy with eigenvalues E;
and Ey we get



Perturbation theory

The amplitude of transition from an initial state |i) to a final state |f) is

given by

2 sin? 2 (wp; — w)t
R (wp; — w)?
2 sin? 2 (wy; + w)t
R (wyi + w)?
+Cross terms 9)

Cr) = Al(fH"]i)

+4|(f[H']i)

where wy; = (Ey — E;)/h. The case Ey > E; with wgi —w =~ 0 the first
term is most important and this corresponds to absorption. The second
case, when F' — f < F; and wy; +w ~ 0, correspond to emission of radiation.
Both emission and absorption can take place in presence of radiation. The
emission process in presence of external radiation is called induced emission.

Experimentally an atom in higher state can emit radiation and go to
a state with lower energy even in absence of external radiation- a process
known as spontaneous emission.

Given a pair of states |m) and |n), probabilities for the two transitions
- induced emission and induced absorption - given by one of the two terms

in Eq.(??) - are equal.

5 Induced emission transition probability

Following the same steps as in the derivation of Fermi Golden rule, the

transition probability per unit time takes the form

4rre?

= S T@)(fle - 11i) (10)

wfi

where an averaging over different direction has been done.
In those cases when the incident radiation is incoherent superposition
of radiation of several frequencies, we add the probabilities for different

frequencies, and the probability of transition after time ¢ will be given by

Pri(t) :/0 C () dw (11)



6 A limitation of semiclassical theory

The semi-classical theory however does not explain why an atom in higher
state, emits radiation and goes to a state with lower energy even in absence
of external radiation — a process known as spontaneous emission. This prob-
ability can be computed only when the radiation field is quantized. However,
Einstein showed how an answer can be obtained using Planck’s law of black

body radiation.

qm-lec-25004  0.x Created : Some time in 2016 Printed : November 18, 2021 KApoor
-| LICENSE: CREATIVE COMMONS H NO WARRANTY, IMPLIED OR OTHERWISE

Open ERXFile



http://creativecommons.org/licenses/by-nc/4.0/

	Weak field approximation
	The Poynting Vector
	The matrix element
	Dipole approximation
	Induced emission transition probability
	A limitation of semiclassical theory

