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We shall now take up an example of constructing the states |JM〉 using the tables of Clebsch

Gordon coefficients. There are two tables of Clebsch Gordon coefficients given at the end. Note

that the first table is for j2 = 1
2 and the second one for j2 = 1. For j2 = 1

2 , the two columns

correspond to the two values, 1
2 and −1

2 , of m2. The two rows correspond to the two possible

values of total angular momentum J = j1 + 1
2 and J = j1 − 1

2 . Similarly, the second table,

corresponding to j2 = 1, has three columns for the three values m2 = 1, 0,−1 and the three

rows correspond to three allowed values J = j1 + 1, j1, j1 − 1 of total angular momentum.

Question: Construct all possible states with J = 5
2 ,

3
2 in terms of states with j1 = 2, j2 = 1

2

using the table of Clebsch Gordon coefficients.

,Solution: Since j2 = 1
2

the first table is needed here. The allowed values of J are 5
2

and 3
2
. For all J = 5

2

states we must use the first row of the first table and for J = 3
2

states the second row should be used.

1 The state with highest values J = 5
2

and M = 5
2

can be written down directly as there is only one possible
set of values (m1,m2) = (2, 2; 1

2
, 1
2
) is allowed. Hence

|5
2

5
2
〉 = |2, 2; 1

2
, 1
2
〉 (1)

2 For the next state with J = 5
2

and M = 3
2

the possible values of (m1,m2) are (1, 1
2
) and (2,− 1

2
) and hence

|5
2
, 3
2
〉 = α1|2, 1; 1

2
, 1
2
〉+ α2|2, 2; 1

2
− 1

2
〉 (2)

and the coefficients α1, α2 are to be read from the first row.

α1 =

√
j1 +M + 1

2

2j1 + 1
=

√
2 + 3

2
+ 1

2

2.2 + 1
=

√
4

5
; (3)

α2 =

√
j1 +M − 1

2

2j1 + 1
=

√
2− 3

3
+ 1

2

2.2 + 1
=

√
1

5
(4)

3 For the next state with J = 5
2

and M = 1
2

the possible values of (m1,m2) are (0, 1
2
) and (1,− 1

2
) and hence

|5
2
, 3
2
〉 = α3|20; 1

2
, 1
2
〉+ α4|2, 1; 1

2
,− 1

2
〉 (5)

and the coefficients α1, α2 are again to be read from the first row.

α3 =

√
j1 +M + 1

2

2j1 + 1
=

√
2 + 1

2
+ 1

2

2.2 + 1
=

√
3

5
; (6)

α4 =

√
j1 +M − 1

2

2j1 + 1
=

√
2− 1

2
+ 1

2

2.2 + 1
=

√
2

5
(7)
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4 For the next state with J = 5
2

and M = − 1
2

the possible values of (m1,m2) are (−1, 1
2
) and (0,− 1

2
) and

hence
|5
2
,−1

2
〉 = α5|2,−1; 1

2
1
2
〉+ α6|2, 0; 1

2
,− 1

2
〉 (8)

and the coefficients α1, α2 are again to be read from the first row.

α5 =

√
j1 +M + 1

2

2j1 + 1
=

√
2− 1

2
+ 1

2

2.2 + 1
=

√
2

5
; (9)

α6 =

√
j1 +M − 1

2

2j1 + 1
=

√
2 + 1

2
+ 1

2

2.2 + 1
=

√
3

5
(10)

5 Next for state with J = 5
2

and M = − 3
2

the possible values of (m1,m2) are (−2, 1
2
) and (−1,− 1

2
) and

hence
|5
2
,−3

2
〉 = α7|2,−2; 1

2
, 1
2
〉+ α8|2,−1; 1

2
,− 1

2
〉 (11)

and the coefficients α1, α2 are again to be read from the first row.

α7 =

√
j1 +M + 1

2

2j1 + 1
=

√
2− 3

2
+ 1

2

2.2 + 1
=

√
1

5
; (12)

α8 =

√
j1 +M − 1

2

2j1 + 1
=

√
2 + 3

2
+ 1

2

2.2 + 1
=

√
4

5
(13)

6 Finally the state | 5
2
,− 5

2
〉 has the highest value of J and the lowest value of M , and easily written as

|5
2
,−5

2
〉 = |2,−2; 1

2
,− 1

2
〉 (14)

7 Now we take up the construction of states with J = 3
2

and M = 3
2
, 1
2
,− 1

2
,− 3

2
we write

|3
2
, 3

2
〉 = β1|2, 1; 1

2
, 1
2
〉+ β2|2, 2; 1

2
,− 1

2
〉

|3
2
, 1

2
〉 = β3|2, 0; 1

2
, 1

2
〉+ β4|2, 1; 1

2
,− 1

2
〉

|3
2
,−1

2
〉 = β5|2,−1; 1

2
, 1
2
〉+ β6|2, 0; 1

2
,− 1

2
〉

|3
2
,−3

2
〉 = β7|2,−2; 1

2
, 1
2
〉+ β8|2,−1; 1

2
,− 1

2
〉

where β1, β3, β5, β7 are to be taken from the entries in the second row and first column. The coefficients
β1, β3, β5, β7 are to read from the second row of the first table with appropriate values of M . Thus with
j1 = 2 we get

β1 = −

√
j1 −M + 1

2

2j1 + 1

∣∣∣∣∣∣
M= 3

2

= −
√

1

5
; β2 =

√
j1 +M + 1

2

2j1 + 1

∣∣∣∣∣∣
M= 3

2

=

√
4

5

β3 = −

√
j1 −M + 1

2

2j1 + 1

∣∣∣∣∣∣
M= 1

2

= −
√

2

5
; β4 =

√
j1 +M + 1

2

2j1 + 1

∣∣∣∣∣∣
M= 1

2

=

√
3

5

β5 = −

√
j1 −M + 1

2

2j1 + 1

∣∣∣∣∣∣
M=− 1

2

= −
√

3

5
; β6 =

√
j1 +M + 1

2

2j1 + 1

∣∣∣∣∣∣
M=− 1

2

=

√
2

5

β7 = −

√
j1 −M + 1

2

2j1 + 1

∣∣∣∣∣∣
M=− 3

2

= −
√

4

5
; β8 =

√
j1 +M + 1

2

2j1 + 1

∣∣∣∣∣∣
M=− 3

2

=

√
1

5

2



1 Tables of Clebsch Gordon Coefficients

< j1m1, j2 = 1
2 ,m2 |j1j2; JM >

m2 = 1
2 m2 = −1

2

J = j1 + 1
2

√
j1 + m + 1

2

2j1 + 1

√
j1 −m + 1

2

2j1 + 1

J = j1 − 1
2 −

√
j1 −m + 1

2

2j1 + 1

√
j1 + m + 1

2

2j1 + 1

< j1m1, j2 = 1m2|j1j2; JM >

m2 = 1 m2 = 0 m2 = −1

J = j1 + 1

√
(j1 + m)(j1 + m + 1)

(2j1 + 1)(2j1 + 2)

√
(j1 −m + 1)(j1 + m + 1)

(2j1 + 1)(j1 + 1)

√
(j1 −m)(j1 −m + 1)

(2j1 + 1)(2j1 + 2)

J = j1 −

√
(j1 + m)(j1 −m + 1)

2j1(j1 + 1)

m√
j1(j1 + 1)

√
(j1 −m)(j1 + m + 1)

2j1(j1 + 1)

J = j1 − 1

√
(j1 −m)(j1 −m + 1)

2j1(2j1 + 1)
−

√
(j1 −m)(j1 + m)

j1(2j1 + 1)

√
(j1 + m)(j1 + m + 1)

2j1(2j1 + 1)
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