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We shall discuss some aspects of the Schrodinger equation using the coordinate representation
for a particle in a potential V (~r). The classical Hamiltonian, Hcl, is

Hcl =
~p 2

2M
+ V (~r) (1)

The corresponding quantum mechanical operator, Ĥ, in the coordinate representation is ob-
tained by replacement ~p→ −i~∇ in the classical Hamiltonian. So we have

Ĥ = −
~
2

2M
∇ 2 + V (~r). (2)

The Schrodinger equation assumes the form

− i~
∂ψ(~r, t)

∂t
= Ĥψ(~r, t) (3)

or

− i~
∂ψ(~r, t)

∂t
=

1

2M
∇ 2ψ(~r, t) + V (~r, t)ψ(t). (4)
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Consider motion of a particle in a potential well V (~r). The time dependent Schrödinger
equation is

i~
∂ψ(~r, t)

∂t
= −

~
2

2m
∇2ψ + V (~r)ψ(~r, t) (5)

Taking complex conjugate we get (assuming the potential to be real V (~r)∗ = V (~r)

− i~
∂ψ∗(~r, t)

∂t
= −

~
2

2m
~∇2ψ∗(~r, t) + V (~r)ψ∗(~r, t) (6)

If we multiply Eq.(5) by ψ∗(~r, t) and Eq.(6) by ψ(~r, t) and subtract, the potential terms cancel,
and we get

i~ψ∗(~r, t)
∂

∂t
(~r, t) + i~ψ(~r, t)

∂

∂t
ψ∗(~r, t) = −

~
2

2m
[ψ∗(~r, t)~∇2ψ(~r, t)− ψ(~r, t)~∇2ψ∗(~r, t)] (7)

Eq.(7) can be written as

i~
∂

∂t
{ψ∗(~r, t)ψ(~r, t)} = −

~
2

2m
~∇[ψ∗(~r, t)~∇ψ(~r, t)− ψ(~r, t)~∇ψ∗(~r, t)] (8)

To see this expand, the right hand side of Eq.(8). It will give four terms, two of which cancel
giving the right hand side of Eq.(7). We define

ρ = ψ∗(~r, t)ψ(~r, t) = |ψ(~r, t)|2 (9)

~j = −
i~

2m

(

ψ∗(~r, t)~∇ψ(~r, t)− ψ∗(~r, t)~∇ψ(~r, t)
)

(10)

With ρ and ~j defined as in (9) and (10), Eq.(8) can be written as

∂ρ

∂t
= −~∇.~j (11)

or
∂ρ

∂t
+ ~∇.~j = 0 (12)

This equation is called the equation of continuity. In electrodynamics a similar relation holds
between charge density (ρ) and current density (~j) and it represents conservation of total charge.
Here, in quantum mechanics, ρ = |ψ|2 represents probability density and therefore ~j is called
probability current density. As a consequence of Eq.(12), the total probability

∫∞
−∞ |ψ|2d~r is

independent of time. To see this we integrate (12) over a volume V enclosed by a surface S to
get

∂

∂t

∫

V
ρd3x = −

∫

V

~∇.~j dV

= −

∫

S
(~j.n̂) dS (13)

where n̂ is the unit vector perpendicular to the surface. If V represents volume of a sphere of
radius R, S will be the surface of the sphere. The surface area increases as R2 when R becomes
very large. If ~j decreases faster than 1/R2, as R→ ∞, the right hand side of (13) becomes zero
when R→ ∞. The left side becomes integral over all space and we get

∂

∂t

y ∞

−∞
ρ d3x = 0 (14)

Therefore the norm y ∞

−∞
ψ∗(x, t)ψ(x, t) d3x = (ψ,ψ) = ‖ψ‖2 (15)
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is independent of time and (12) represents conservation of total “norm” and is a consequence of
the fact Ĥ is a hermitian operator. While Eq.(14) representing the conservation of total prob-
ability follows from (12), (12) is, in fact, a stronger equation, it represents a local conservation
law.

∂ρ

∂t
+ ~∇.~j = 0

Electrodynamics Quantum Mechanics
ρ = charge density Probability density
~j = (charge) current density Probability current density
∫

V ρd~r = charge in volume V Probability of finding
particle in volume V .

∫

S
~j.n̂dS current through S; Probability that the particle

charge flowing out of S crosses the surface in
per unit time unit time.

The physical interpretation of the probability current density can be seen by evaluating it
for plane waves

ψ(~r) = N exp(ipx/~)

ρ = |N |2 ~j = |N |2~p/m = |N̄ |2~v = ρ~v (16)

The expression (11) for ~j is similar to that for the current density (~j = ρ~v) in the electromagnetic
theory. This expression for ~j can be understood in classical terms if we interpret ρ as number
density of particles, then the flux of the beam can be expressed in terms of ~j. To see this let
us consider a beam of particles incident on a small surface of area ∆S, see Fig.4 below. The
number of particles crossing ∆S in time ∆t equals the number of particles in a cylinder of height
|~v|∆t, base ∆S, and having its axis parallel to the velocity ~v of the particles. The volume of the
cylinder is given by ∆S ·cos θ(|~v|∆t), where θ is the angle between the velocity ~v and the normal
to the surface ∆S. If the number density of the particles is ρ = |N |2,the number of particles in
cylinder = |N |2∆S(cos θ)|~v|∆t = ~j ·~n∆S∆t. This is the number of particles crossing the surface
∆S in time ∆t. Thus the flux of particles, defined as the number of particles of the incident
crossing a surface per unit area per unit time can be written as ~j · ~n

vDt

v

n

Fig. 4

q
DS
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In the above we interpreted ρ as the number density of particles in the beam and concluded
that ~j.~n gives the number of particles crossing a unit area in unit time. For a single particle,
ρ has the interpretation of being probability density, and hence ~j will called the probability
current density.

§2 Activities for you

Learn from
Masters

More on probability conservation

1. When potential is complex, Hamiltonian is not hermitian and
probability is not conserved, loss related to the imaginary part
. Gottfried

2. The Hamiltonian may be hermitian and probability may be con-
served, but conservation of probability may not be local. Gottfried

3. It is important to realize that conservation (of probability) law is
needed to select right expression to be able to normalize the wave
function to unity at all times. V.Srinivasan

4. In one dimension, conservation of probability for stationary states
implies that the probability current is constant independent of x
which in turn implies Landau

• that reflection and transmission coefficients add to unity

• non-degeneracy of bound states in one dimension.

5. For states with continuous energy, normalization to delta function
can be done but is rarely used. In one dimension, a better alterna-
tive normalization is to equate current at some convenient point
to a constant. Landau

6. What does probability conservation imply for scattering in three
dimension? Answer: optical theorem. G.K.Mehta; KGottfried

QFY Give a short argument to show that the absolute value of the wave func-
tion, |ψ(x)|, cannot be consistently interpreted as probability density for
position.

§3 Schrödinger equation for a charged particle
qm-lec-11003

The Lagrangian for a particle, having charge q, and moving in electric and magnetic field de-
scribed by vector potential ~A(~r, t) and scalar potential φ(~r, t) is given by

L =
1

2
m~v 2 +

q

c
~v · ~A(~r, t)− qφ(~r, t), (17)

where ~v = d~r
dt is the velocity of the particle. You must verify that this is the correct Lagrangian

by showing that it gives correct equations of motion. The classical Hamiltonian for a charged
particle in electromagnetic field is easily obtained by first computing the canonical momentum
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~p defined by

~p =
dL

d~v
= m~v +

q

c
~A(~r, t), (18)

∴ ~v =
1

m

[

~p−
q

c
~A(~r, t)

]

. (19)

The Hamiltonian is seen to be

Hcl = ~p ·
d~r

dt
− L (20)

=
1

2m

(

~p−
q

c
~A(~r, t)

)2
+ qφ(~r, t) (21)

Comparing this with the free particle Hamiltonian ~p 2

2m , we see that the Hamiltonian in presence
of electromagnetic field is obtained from the free particle Hamiltonian by making replacements

~p→ ~p−
q

c
~A, H → H + qφ. (22)

The Hamiltonian operator is obtained from (22) using the quantisation rule ~p → −i~∇. This
gives the time dependent Schrödinger equation

i~
dψ

dt
=

1

2m

(

−i~∇−
q

c
~A
)2
ψ + qφ(~r, t)ψ. (23)

Gauge invariance

The electric and magnetic fields remain unchanged under gauge transformation of the potentials

~A→ ~A′ = ~A−∇Λ(~r, t), (24)

φ→ φ′ = φ−
1

c

∂Λ(~r, t)

∂t
. (25)

Under a gauge transformation the change in Lagrangian (17) is a total time derivative and hence
the equations of motion remain unchanged. In quantum mechanics the Schrödinger equation
does not remain invariant under a gauge transformation. The observable quantities remain
unchanged if the wave function transforms as

ψ(~r, t) → ψ′(~r, t) = exp

(

iq

c
Λ(~r, t)

)

ψ(~r, t). (26)

It should be noted that the wave function, and the vector and scalar potentials are not physical
quantities and are not measurable. The measurable quatities are average values of gauage
invariant dynamical variables. The averages of gauge invariant quantities computed using the
potentials ~A, φ and the wave function ψ will be the same as those computed using the transformed
potentials ~A′, φ′ and transformed wave function ψ′.

§4 Time reversal symmetry

Consider classical motion of a particle under influence of a force field. If at some instant t0
the direction of velocity is reversed, the particle will retrace its path. For a charged particle in
magnetic field, the path will be retraced if the magnetic field is also reversed.

To see the time reversal symmetry of the classical equations in another way consider a
thought experiment of motion of a particle thrown up in a gravitational field. Let the motion of
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the particle be captured on a film while going up and on a second film while going down. Now
let one of the films be run backwards, what you see cannot be distinguished from what you see
in the second film running forward. Assuming that the effect of air friction to be negligible, no
measurement on the motions seen in the two films, one running backwards and the other film
running forward, will be able to distinguish between them.

We say that the classical Newton’s laws retain their form under time reversal t → t′ = −t.
This means that one cannot distinguish the motion of a particle in a force field with time
reversed motion. What about quantum mechanics? In quantum mechanics the time evolution
is described by the Schrödinger equation.

i~
dψ(~r, t)

dt
= −

~
2

2m
∇2ψ(~r, t) + V (~r)ψ(~r, t). (27)

It is easy to see that the form of the Schrödinger equation does not change if we take take
complex conjugate of the Schrodinger equation and then make a replacement t → −t ≡ t′, we
would successively get

−i~
dψ∗(~r, t)

dt
= −

~
2

2m
∇2ψ∗(~r, t) + V (~r)ψ∗(~r, t), (28)

i~
dψ∗(~r, t′)

dt′
= −

~
2

2m
∇2ψ∗(~r, t′) + V (~r)ψ∗(~r, t′) (29)

The wave function ψ∗(~r, t′) describes the time reversed motion. The Schrodinger equation for
a charged particle in presence of magnetic field has time reversal symmetry, if the sign of the
magnetic field is also reversed. As a simple example, exp(ikx) represents a (free) particle moving
to the right on x axis, and the complex conjugate wave function, exp(−ikx), represents a particle
moving to the left.

§5 Activities for you

Watch this video and answer take up the 13 card challenge. Link to Video is to be provided.

§6 Solution of time dependent Schrödinger equation
qm-lec-11001

The Schrodinger equation for a particle moving in potential V (x) is

− i~
∂ψ(t)

∂t
=

1

2M
∇ 2ψ(t) + V (~r)ψ(t). (30)

The possible states of the particle at a time t will be represented by square integrable wave
function wave function ψ(~r, t).

When time does not appear in the hamiltonian of a system, the equation of motion can be
solved by the method of separation of variables. Thus by substituting

ψ(~r, t) = u(~r)T (t) (31)

in Eq.(30) we get

i~
1

T (t)

dT (t)

dt
= Ĥu(~r) (32)

Equating each side to a constant, say E we get two equations for u(~r), and for T (t), as follows.

i~
d

dt
T (t) = ET (t) (33)

Ĥu(~r) = Eu(~r) (34)
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Let u1(~r), u2(~r), ... denote the eigenvectors of the Hamiltonian Ĥ with the eigenvalues E1, E2, ...,
respectively.

Ĥuk(~r) = Ekuk(~r); k = 1, 2, 3, ... (35)

Eq.(33) and Eq.(34) have solutions given by

Tk(t) = const× exp(−iEkt/~), Huk(~r) = Ekuk(~r) (36)

and (30) has an infinite number of solutions, one for each real k, given by

φk(~r, t) = uk(~r, t) exp(−iEkt/~) (37)

and the most general solution is a linear combination of solutions φk(~r, t) in Eq.(37) and is given
by

ψ(~r, t) =

∞
∑

k=1

αkuk(~r) exp(−iEkt)/~). (38)

If the wave function at time t0, is ψ(~r, t0) ≡ ψo(~r), the expression (38) evaluated at t = t0 gives

ψ0(~r) =

∞
∑

k=1

αkuk(~r) exp(−iEkt0)/~) (39)

Using the orthogonality of energy eigenfunctions we can find the coefficients αk and are given
by.

(uk, ψ0) = αk exp(−iEkt0)/~) (40)

and the knowledge of the coefficients αk allows us to compute the wave function at time t from
(38). The final answer for the wave function at time t is given by

ψ(~r, t) =
∞
∑

k=1

αkuk(~r) exp(−iEkt)/~)ψ(~r, t) =
∞
∑

k=1

(uk, ψ0) exp(−iEk(t− t0)/~)uk(~r) (41)

ψ0 is the wave function of the system at time t0.

§7 Propagator
qm-lec-11005

The propagator, K(x, t;x0, t0), for time dependent Schrödinger equation

i~
dψ(x, t)

dt
= Hψ(x, t). (42)

is defined as the solution of

i~
d

dt
K(x, t;x0, t0) = HK(x, t;x0, t0). (43)

obeying the initial condition

lim
t→t0

K(x, t;x0, t0) = δ(x− x0). (44)

To describe in words, the propagator K(x, t;x0, t0) is seen to coincide with the wave function of
a particle at time t evolving from the state having precise position x0 at time t0.

If the wave function at time t0 the wave function is known to be ψ0(x), the wave function
at time t, ψ(x, t) can be written in terms of propagator as

ψ(x, t) =

∫

K(x, t;x0, t0)ψ0(x0)dx0. (45)
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That ψ(x, t) satisfies initial condition

lim
t→t0

ψ(x, t) = ψ0(x) (46)

is obvious from Eq. (44). Also it follows from (43) and that ψ(x, t) is a solution of the time
dependent Schrödinger equation (42).

To obtain an expression for propagator, we recall that the most general solution of the
Schrödinger equation is given by

∑

cne
−iEnt/~un(x). (47)

in terms of the energy eigenvalues En and the energy eigenfunctions un(x). Writing the propa-
gator, K(x, t;x0, t0), equal to the above expression (47) and setting t = t0 gives

δ(x − x0) =
∑

cnun(x). (48)

Multiplying by u∗k(x), integrating over x and using orthogonality property of the energy eigen-
functions we get

ck = u∗k(x)e
iEkt/~. (49)

Substituting for the coefficients cn in (47), the propagator takes the form

K(x, t;x0, t0) =
∑

n

cne
−iEnt/~un(x) =

∑

n

e−iEn(t−t0)/~un(x0)un(x). (50)

If we substitute Eq.(??) in Eq.(??), the resulting equation coincides with (41).

§8 Time Development

qm1-2k12-tut-06

[1] A particle is in a superposition of energy eigenstates |E1〉, |E2〉 with E1 6= E2:

|ψ〉 = c1|E1〉+ c2|E2〉. (51)

where c1 6= 0 and c2 6= 0. Find the probabilities that at time t system will be in (a) state
|E1〉 and (b) state |E2〉. Can we say that the state |ψ〉
(i) corresponds to definite energy?
(ii) is a stationary state?
Verify that these probabilities are periodic functions of time. Find the corresponding
period.

[2] For a particle in a one dimensional box of size L with potential given by A particle in a
one dimensional box of size L with potential given by

V (x) =

{

0, 0 ≤ x ≤ L

∞, otherwise
(52)

Find the wave function at time t, if the initial wave function at time t0 is

〈i〉 ψ0(x) = sin
(

19
πx

L

)

〈ii〉 ψ0(x) = sin
(3πx

L

)

+ 3 sin
(πx

L
) + 5 sin

(11πx

L

)

〈iii〉 ψ0(x) = Ax(x− L)
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[3] The Hamiltonian of a system is given by

H = γ

(

0 1
1 0

)

(53)

Find the state vector at time t if at initial time it is given by (see Eq. ((53)))

χ =

(

3
5

)

(54)

[4] Find the wave function of a free particle at time t, if its initial state at t = 0 is given by
the wave function

ψ0(x) =

{

1√
2
L |x| < L

0 otherwise
(55)

[5] Find the wave function of a free particle wave packet at time t, if its initial state at t = 0
is given by the wave function

ψ0(x) = N exp[−x2/α2] (56)
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