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Unit Overview

Syllabus

Why second quantization? Canonical quantization of Schrodinger field. Construction

of Hilbert space (Fock Space) for second quantized Schrodinger field. Quantization using

anticommutators and identical fermions. Simple applications to computation of scattering

cross section. Scattering in a nonlinear second quantized Schrodinger equation.

Prerequisites

Postulates of quantum mechanics; Simulatneous measurement; Properties of commuting

operators; Algebra of creation and annihilation operators. Harmonic oscillator energy

eigenvalues. Transition amplitude and Fermi golden rule.

Instruction Goals

This unit basically teaches all the important tricks of the trade so that you can understand

• canonical quantization of fields

• utility of expansion of field operator in terms of a complete set of functions;1

• introduction of creation annihilation and number operators;

• use of number operators as complete commuting set. Construction of Hilbert space

(Fock Space);

• what corresponds to (Schrodinger) wave function for a system of particles;

• Using anticommutators and system of identical fermions

• Computation transition amplitudes and cross section for potential scattering.

The main aim is to build upon the knowledge of topics from quantum mechanics. and to

introduce all important ideas and applications in a familiar setting.

Lessons

1. Canonical quantization

2. Physical interpretation of second qunatized theory. Expansion of fields in an or-

thonormal set;Fock space

1Remember that this, and only this, part will look different when we take up quatization of Klein

Gordon, Electromagnetic and Dirac fields.
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3. Examples of computing matrix elements; Second quantized fomalism as a many

particle theory of identical bosons.

4. Second quantization with anti-commutators and wave mechanics of a system of iden-

tical fermions.

Suggested Questions and Problems

1. Computation ofmatrix elements

2. Transition amplitudes as already done in wave mechanics

3. Rutherford scattering; Potential scattering

4. Solving Heisenberg equations of motion, Unequal time commutators and vacuum

expectation value of time ordered products.

Where do we need all, or some part, of this unit

In this unit all the key ideas and techniques have been explained in simpler setting. The

methods covered here will be repeated for second quantization of Klein Gordon, elctro-

magnetic and Dirac fields.

Notes and References
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Chapter 1

Lessons for Self Study

§1 Second Quantization of Schrodinger Field

1 Recall facts needed here

Schrodinger quantum mechanics as classical field theory

i~
∂ψ(x, t)

∂t
= − ~

2

2m
∇2ψ(x, t) + V (x)ψ(x, t) (1.1)

When we come to quantum description of a particle, we no longer describe the states of

a point particle by its position and momentum. The quantum states are described by its

wave function ψ(x, t). This description can now be regarded as a classical field theory

in which value of ψ(x, t) for each x is treated as a generalised coordinate. We now have

infinite degrees of freedom, one for each space point x. The Schrödinger equation is now

treated as equation of motion for a classical ’wave field’ ψ(x, t), just as Maxwell’s equations

for the electromagnetic field.

From Unit-02 The Schrödinger equation can be regarded Euler Lagrange equation for

the Lagrangian L given by 1

L =

∫
dxL (ψ, ψ̇,∇ψ), (1.2)

where L is the Lagrangian density

L = i~ψ∗(x, t)
∂ψ(x, t)

∂t
− ~

2

2m
|∇ψ|2 − ψ∗(x, t)V (x)ψ(x, t) (1.3)

The Euler Lagrange equation

δL

δψ(x, t)
=
∂L

∂ψ
− d

dt

∂L

∂ψ̇
= 0, (1.4)

1We consider Schrödinger equation for a particle in one dimension.
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for the Lagrangian (1.2), coincides with the Schrödinger equation. The canonical momen-

tum conjugate to ψ(x, t) is

π(x, t) =
δL

δψ̇(x, t)
=

∂L

∂ψ̇(x, t)
= i~ψ∗(x, t). (1.5)

The Hamiltonian of the Schrodinger field is seen to be

H =

∫
d3xH , H =

~
2

2m
|∇ψ|2 + ψ∗(x, t)V (x)ψ(x, t) (1.6)

2 Quantization

The act of quantization consist in writing down the equal time commutation relations

(ETCR)

[ψ(x, t), π(y, t)] = i~δ(x− y), (1.7)

[ψ(x, t), ψ(y, t)] = 0, [π(x, t), π(y, t)] = 0. (1.8)

These equation generalise the canonical commutation rules (CCR)

[qj , qk] = 0, [qj,k ] = i~δjk, [pj, pk] = 0. (1.9)

used for quantization of systems with finite degrees of freedom to the case of infinite

degrees of freedom. So, with canonical momentum given by (1.5), the quantisation rules

for the Schrödinger field take the form

[ψ(x, t), ψ∗(y, t)] = δ(x − y), (1.10)

[ψ(x, t), ψ(y, t)] = 0, [ψ†(x, t), ψ†(y, t)] = 0. (1.11)

Note that complex conjugation ψ∗(x, t) does not make sense for operators, one must use

adjoint ψ†(x, t). The equations (1.13)-(1.14) complete the quantization of the Schrodinger

field.

Try This Now Use the commutation relations (1.13) and show that the Hamiltonian
equations of motion imply the time dependent Schrodinger equation
(1.1).

Did You Notice? We started with time dependent Schrodinger equation which is EOM
in Schrodinger picture and have ended up with Heisenberg picture
after second quantization.

What are the states? Where is the Hilbert space?

The quantization of the Schrodinger field is complete with (1.14) which contains all the
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informaton about the quantum theory. However, we still do not have a physical interpre-

tation of our equations. The field operator ψ(x, t does not clues for this purpose.
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§2 Some mathematics of quantized Schrödinger field

1 Recall facts needed here

• In derivation of energy levels of harmonic oscillator, the creation annihilation oper-

ators, a, a† are introduced. These opearors have the followiing properties.

[a, a] = 0 [a, a†] = 1, [a†, a†] = 0. (1.12)

• The operator N = a†a has positive integral eigenvalues 0, 1, 2, . . . and is called num-

ber operator.

• This lesson is a continuation of

A.K. Kapoor,“3.1 Second Quantization of Schrodinger Field”, qft17-lsn-03001.pdf.

Revise before proceeding.

2 Exapansion of field in a basis

Let un(x) denote the eigenfunctions fo energy for potential V (x)

(
− ~

2

2m
∇2 + V (x)

)
un(x) = Enunx). (1.13)

These eigenfunctions form a complete orthonormal set

∫
u∗m(x)un(x) dx = δmn.

Therefore, we can expand the classical field ψ(x, t) as

ψ(x, t) =
∑

n

an(t)un(x). (1.14)

Since ψ(x, t) has become operator in the second quantized theory, the expansion will be

in terms of operators an(t). Similarly we will have

ψ†(x, t) =
∑

n

a†n(t)u
∗
n(x). (1.15)

Using the orthogonality property of the eignfunctions un(x) we can invert the above rela-

tions and write

an(t) =

∫
u†n(x)ψ(x, t) dx, a†n(t) =

∫
un(x)ψ

†(x, t) dx (1.16)

The above equations can be looked upon as a change in coordinates from

ψ,ψ∗ to an, a
†
n. We will see that the new variables an, a

†
n have a direct

physical interpretation.
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3 Commutators for an, a
†
n

We now use Eq.(1.16) to compute the commutation relations satisfied by the operators

ak, a
†
k. Consider

[an(t), a
†
m(t)] =

[∫
u∗n(x)ψ(x, t)dx,

∫
um(y)ψ†(y, t)dy

]
(1.17)

=

∫
dx

∫
dyu∗n(x)um(y)

[
ψ(x, t), ψ†(y, t)

]
(1.18)

=

∫
dx

∫
dyu∗n(x)um(y)δ(x − y) (1.19)

=

∫
u∗n(x)um(x) dx (1.20)

= δmn (1.21)

Thus we have [
an, a

†
m

]
= δnm (1.22)

In a similar fashion use of other commutation relations gives

[am(t), an(t)] = 0, [a†m(t), a†n(t)] = 0, for all m,n (1.23)

The above commutation relations should remind you of the commutation rules Eq.(1.12).

You have encountered similar commutation relations for a harmonic oscillator; except that

now there is one oscillator for each m.

Thus our system, the second quantized Schrödinger theory, looks like a

collection of infinite number of harmonic oscillators.

4 Introduce number operators

As in case of harmonic oscillator, define operators Nk, called number operators, by

Nk = a†kak. (1.24)

The following results can be derived easily by following the steps you have learnt for a, a†

in harmonic oscillator.

1. The operators Nk are hemitian, i.e. N †
k = Nk.

2. [Nk, Nk] = 0.

3. [Nk, ak] = −ak and [Nk, a
†
k] = a†k.

4. Each operator Nk has eigenvalues 0, 1, 2,. . . .
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Use H̃ to denote the differential operator

H̃ = − ~
2

2m
∇2 + V (x) (1.25)

Then we have

H̃un(x) = Enun(x) (1.26)

The total Hamiltonian of the system is now given by

H =

∫
dxψ†(x, t)

(
− ~

2

2m
∇2 + V (x)

)
ψ(x, t) (1.27)

=

∫
dxψ†(x, t)H̃ψ(x, t). (1.28)

Using (1.14)-(1.15), the Hamiltonian of the system can be written in terms of an, a
†
n. This

gives

H =
∑

k

a†kakEk =
∑

k

NkEk. (1.29)

Quick Question (Try Now!) verify Eq.(1.29).

5 The Fock space

The fact that the operators Nk commute pairwise implies that they will have simul-

taneous eigenvectors which will form a basis. We denote this set of eigenvectors by

B

{
|ν1, ν2, . . .〉

∣∣∣ν1, ν2, ... = 0, 1, 2, 3, . . .
}
which is a complete orthonormal set. A vector in

this set corresponds to eigenvalues ν1, ν2 . . . for operators N1, N2, . . ..

N1|ν1, ν2, . . .〉 = ν1|ν1, ν2, . . .〉 (1.30)

N2|ν1, ν2, . . .〉 = ν2|ν1, ν2, . . .〉 (1.31)

. . . . . . . . . . . .

Nk|ν1, ν2, . . .〉 = νk|ν1, ν2, . . .〉 (1.32)

. . . . . . . . . . . .

Given this set of vectors, we can construct the Hilbert space, called Fock space, by

taking all possible linear combinations of the elements of the complete orthonormal set.

A representation obtained by taking {B} as basis is called number representation. The

states in the Hilbert space so obtained is called Fock space. The Fock space is a tensor

product of copies of Hilbert space encountred for the harmonic oscillator problem.

Remarks: Remember the process described above consisted of the following steps.

1. Write the commutation relations for coordinates and momenta, taking commutators

equal to i~× Poisson brackets.
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2. Find complete set S of commuting hermitian operators. These are the one which

can be measured simultaneously.

3. The simultaneous eigen vectors (pair wise) commuting operators form complete or-

thonormal set S. Their linear span gives the Hilbert space.

4. The set of eigenvalues of operators in S, form the possible outcomes of measurements

of the dynamical variables corresponding to S.

5. Choosing the above set of eigenvectors as a basis, we represent the state vector by

the wave function. The wave function gives the probability amplitudes for different

outcomes of measurements.

In the above Hilbert space, the Fock space, of the second quantized fields has been

constructed by taking the siimultaneous eigenvectors of the number operators Nk.
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§3 Physical Content of Second Quantized Schrodinger The-

ory

We have completed the mathematical structure of second quantised Schrödinger field.

Equal time commutator relation (ETCR)

[
ψ(x, t), π(y, t)

]
= i~δ(x− y) (1.33)

is the first step towards quantisation. ETCR is a powerful relation and once the ETCR is

assumed, all the mathematical consequences of the theory can be worked out.

We had defined number operators Nk which are hermitian and commute pairwise.

Their eigenvalues can be worked out. In fact their algebra is the same as one encounters

in the treatment of the harmonic oscillator. The eigenvalues are all non-negative integers.

1 Identical Bosons

Occupation number representation The eigenvectors of pariwise commuting hermi-

tian operators Nk, k = 1, 2, 3.. form a complete orthonormal set. This means that the

physical states are specified by a sequence of corresponding eigenvalues ν1, ν2, . . .. We use

the notation |ν1, ν2, . . . , νk . . .〉 to denote such a state. In a state like this the total energy

was seen to be

〈ν1, ν2, . . . , νk . . . |H|ν1, ν2, . . . , νk . . .〉 = 〈ν1, ν2, . . . , νk . . . |
(∑

k

NkEk

)
|ν1, ν2, . . . , νk . . .〉

=
∑

k

νkEk (1.34)

where Ek is the energy of kth energy level of the potential. Thus we can interpret this

state as a state in which the first level E1 is occupied by ν1 particles, the second level E2

is occupied with ν2 particles and so on.

The vacuum state There is a unique state, denoted by |0〉, and called vacuum, having

the property

ak|0〉 = 0, for all k = 1, 2, 3, ... (1.35)

This state with ν1 = ν2 = . . . = 0 represents a state with no particle and has zero energy.

This is the ground state of the system.

The operator ak destroys one particle in the state Ek. So for example,

ak|ν1, ν2, . . . , νk . . .〉 =
√
νk|ν1, ν2, . . . , νk − 1 . . .〉 (1.36)

and a†k creates particle in st

a†k|ν1, ν2, . . . , νk . . .〉 =
√
νk + 1|ν1, ν2, . . . , νk + 1 . . .〉 (1.37)
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Applying a†k on the vacuum state gives a state with one particle

a†k|0〉 = |0, 0, . . . , νk = 1, 0, 0, . . .〉. (1.38)

A general state is obtained by applying different powers of creation operators on the

vacuum.

|ν1, ν2, . . . , νk . . .〉 = (a†1)
ν1(a†2)

ν2 . . . (a†k)
νk . . . |0〉. (1.39)

Relation with Wave function Let us compute

〈0|ψ(x|0, 0, ..νk = 1, 0, 0, ..〉 = 〈0|
∑

ℓ

aℓuℓ(x)|0, 0, .., νk = 1, 0, 0, ..〉. (1.40)

In the right hand side all aℓ, for ℓ 6= k give zero and ak gives 1. Thus only one term, k = ℓ,

in the series in nonzero and we get

〈0|ψ(x|0, 0, ..νk = 1, 0, 0, ..〉 = 〈0|
∑

ℓ

aℓuℓ(x)|0, 0, ..νk = 1, 0, 0, ..〉. (1.41)

= uk(x), (1.42)

which is just the wave function of the particle with energy Ek.

The Wave function is completely symmetric If we consider one particle in level

E1 and second particle in level E2, the wave function is given by

1√
2
〈0|ψ(x)ψ(y)|1, 1, 0, 0, ..〉 = 1√

2

(
u1(x)u2(y) + u1(y)u2(x)

)
(1.43)

Eq.(1.43) represents a symmetrised two particle wave function. Similarly for a state having

a total number of particles n, we get properly symmetrised wave function for n particles.

Thus the second quantised theory describes an assembly of N identical

bosons for all values of N . We see that he total number of particles N =∑
kNk commutes with the Hamiltonian. So the number of particles remains

constant and does not change with time.

The system we have discussed describes non interacting particles. Interactions can be

introduced by adding terms with higher powers of ψ∗ and ψ for example

x
dx1dx2ψ

∗(x1, t)ψ
∗(x2, t)K(x1, x2)ψ(x1, t)ψ(x2, t)

As long as we work with a hermitian Hamiltonian, the total number of particle will still

remain constant but transitions can take place between different levels.

Quick Question for you, Try Now! Verify Eq.(1.43).
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2 Identical Fermions

An alternative quantization procedure to quantize the Schrödinger equation is to assume

that equal time anticommutator is given by i~ times the Poisson bracket:

[
ψ(x, t), π(y, t)

]
+
= i~δ(x− y), (1.44)

where [A,B]+ = AB +BA is the anticommutator of operators A,B.

1. The creation and annihilation operators satisfy the relations

[ak, a
†
ℓ]+ = δkℓ, [ak, aℓ]+ = 0 [a†k, a

†
ℓ]+ = 0 a2k = 0, a†2k = 0. (1.45)

2. For the number operators We have N2
k = Nk. This implies that the eigenvalues of

number operators are 0 and 1 only. As result a level can be occupied by at most one

particle.

3. a2k = 0, a†
2

k = 0, If we apply ak more than once, on any state we get null vector:

(a†2k )|ν1, ν2, ...〉 = 0

This means that it is not possible to create more than one particle in any given state.

To summarise, we have the result that use of anticommutators to quantize the Schrodinger

equation, we would get a consistent description of identical fermions.

Finally, it must be remarked that most of the mathematical structure will remain the

same for other quantised fields such as electromagnetic fields, and also for second quantized

theories such as Dirac and Klein Gordon theory.

Quick Question, Try Now! Compute two particle wave function of a state ket0, .., νm = 1.., νn = 1, 0, 0, ..

Verfify that it is antisymmetric under exchange of the two particles.
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§1 Assignment

Ladder Operators

About This Set

• You need to recall what you have already learned in harmonic oscillator.

• This set introduces different orderings (normal ordering, and more...) for operator

products.

• This set requires you to apply basic commutation relations and properties of ladder

operators to

• rearrange products of operators

• computation of matrix elements of between harmonic oscillator states.

• The techniques mastered here will be required in the tutorial on Rutherford scatter-

ing.

[1] Let |ni〉 denote the nth excited state of a harmonic oscillator. Show that [2]

〈n|x|m〉 =
√

~

2mω

(√
n+ 1δm,n+1 +

√
nδm,n−1

)
(2.1)

[2] Using the properties of the ladder operators a, a† and the number operator N , com-

pute the average values of kinetic and potential energies for a harmonic oscillator in

the nth state |n〉. Verify that their sum equals (n+ 1/2)~ω. [4]

[3] Rearrange the operator expression pqpq2 as sum of expressions of the form
∑

m,n cmnqnpm

in which each term has all q operators on the left and all p operators on the right.

[4] A normal product of operators a, a† is an expression having all raising operators on

the left and all lowering operators on the right. As an example, aa† can be written

as a†a + 1, where the operators appear in the normal product form. What is the

expectation value of such a product in the state |0〉? Express the following operators

as a sum of operators in the normal product form and a constant. [4]

(a) aa†2a2a†2, (b) a†2aa†2a.

[5] Assuming anticommutation relations

[am, an]+ = 0, [am, a
†
n]+ = δmn, [a

†
m, a

†
n]+ = 0,

Prove that the number operators Nn = a†nan have eigenvalues 0 or 1 only.
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§2 Tutorial

Rutherford Scattering

About This Tutorial Problem in this tutorial concerns computation of differential

cross section for Coulomb scattering using second quantized Schrödinger field theory in

the first order of perturbation theory in the interaction picture.

To help you formulate the problem, I will give you steps in this computation. You have

to fill in details.

I divide the steps into three parts for purpose of this tutorial. My list of steps as given

here is long and detailed. Once you have understood the computation formulate your own

steps and rules.

Part-I::Calculating the matrix element

[1] The Lagrangian density for Schrodinger field is

L = i~ψ∗(~r, t)
∂

∂t
ψ(~r, t) +

~
2

2m

(
∇ψ∗(~r, t)

)(
∇ψ(~r, t)

)
− ψ∗(~r, t)V (~r)ψ(~r, t) (2.2)

where V (~r) external potential potential seen by the Schrodinger field. You will get

the same result that is obtained by using Fermi Golden rule and Born approximation

in Schrodinger Wave mechanics.

At the end you compute the Rutherford scattering of alpha particles from a nucleus

of charge Z.

[2] In the second quantisation scheme in interaction picture, expand the field in terms

of plane waves and treat the expansion coefficients a(~k) as

ψ(~r, t) =

∫ ∞

∞

a(~k)ei
~k·~r d3k (2.3)

ψ∗(~r, t) =

∫ ∞

∞

a†(~k)ei
~k·~r d3k (2.4)

the ETCR for the operators a(~k) and a†(~k) are given

[
a(k), a†(q)

]
= δ(~k − ~q) (2.5)

[3] In interaction picture

H ′
I = exp(iH0t/~)H

′ exp(−iH0t/~)

where H0 is free Hamiltonian and

H ′ =

∫
d3xψ∗(~r, t)V (~r)ψ(~r, t)



KApoor //qft17-lsn-03001 18

Next compute the transition amplitude for the scattering by computing the matrix

elements of the first order term in the perturbation series of the time evolution

operator. Thus compute

mfi =

∫ T/2

−T/2
〈f | H ′

I(t) |i〉 dt (2.6)

Here |i〉 and |f〉 denote the initial and final states of a single particle, with momenta
~ki, ~kf .

Use the fact that initial and final states are eigenstates of free Hamiltonian with

energies Ei = ~
2k2i /2m,Ef = ~

2k2f/2m respectively. Integrate over time and obtain

the transition amplitude mfi This should give a factor

sin(∆E)T/2)

∆ET/2
, where ∆E = Ei − Ef.

This factor has to handled carefully as done in the class after squaring the amplitude.

[4] Use

|i〉 = a†(~ki)|0〉, |f〉 = a†(~kf )|0〉,

and obtain the matrix element as function of momenta. Keep the integral over V (r)

as it is, don’t try to do the space integral at this stage.

Part-II ::Transition probability per unit time

Next square and compute the transition probability. It will have square of the factor
sin(∆E)T/2)

∆ET/2 as given above.

Find transition probability per unit time, differentiate |mfi|2 w.r.t. time T and take

limit ∆T → ∞. In this limit you should get a Dirac delta function δ(Ei − Ef ).

Denote this transition probability per unit time as wfi

Part-III :: Find Cross sections and Life Times

[1] In a measurement of differential cross section all particles with for final momenta in

the range ~k,~k + d~k are counted. Therefore we must integrate over all momenta in

this range.

Change notation kf → k,

Relate the range d3k to the solid angle as k2dk dω.

Use Dirac delta function to carry out the integral over k.

Remember delta function makes energies equal Ef = Ei, therefore ∴ ki = kf = k.
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[2] Imagine the scattering experiment is repeated by sending one particle N times, then

Number of particles scattered in to solid angle dΩ per sec

= N × transition probability per unit time to states

with final momentum in the solid angle dΩ.

Use the fact, that for differential cross section, the range of solid angle is small. So

that integration over dΩ results in multiplying by dΩ.

[3] The number of particles scattered into solid angle dΩ

= Flux× dΩ× differential cross section,

and

Flux = N× probability current

where N is the total number of particles sent during the experiment. .

[4] Use (7) and (8) to find the differential cross section. Replace V (r) = Ze2 exp(−µr)/r
and compute the integral over spatial coordinates now.

[5] Take the limit µ→ 0 and compare your answer with Rutherford formula for Coulomb

scattering.

This division into three major steps will remain the same for all situations that we are

going to deal with. Details will differ from case to case.



§3 Assignment

Using Equations of Motion

About this assignment This assignment concerns the following

• Solving Heisenberg equations of motion

• Calculating unequal time commutator

• Computing vacuum expectation value of time ordered product

[1] (a) For harmonic oscillator

H =
p̂2

2m
+

1

2
mω2x̂2

set up and solve up the equations of motion for position and momentum oper-

ators in the Heisenberg picture. Hence show that

x̂(t) = x̃ cosωt+
1

mω
p̃ sinωt (2.7)

p̂(t) = p̃ cosωt−mωx̃ sinωt (2.8)

where x̃, p̃ in the right hand sides of the above equations are the Schrödinger

picture operators.

(b) Calculate the commutators

[x̂(t), x̂(t′))], [x̂(t), p̂(t′))], [p̂(t), p̂(t′))],

for t 6= t′. How do these commutators at unequal times compare with equal

time commutators? Are x̂(t), x̂(t′) compatible observables?

(c) Verify that at equal times the commutators reduce to canonical commutation

rule [x̂, p̂] = i~.

[2] You have already obtained the expressions for position and momentum operators for

arbitrary times. Compute the vacuumexpectaion value of the time ordered product

〈0|T (q(t1)q(t2))|0〉.

For this problem, explain the steps that you will follow. Write different expressions

that you will need to compute but you need not complete all mathematical details

at this stage.
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