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Quantum Field Theory Assignment-IV

Problem 1: Assume that the beta decay of neutron is described by the interaction
Hamiltonian to be given by (V −A) four fermion interaction Hamiltonian density.

Hint =
G
√
2
ψ̄n(x)γ

µ(1− γ5)ψp(x)× ψ̄ν(x)γµ(1− γ5)ψe(x) + h.c. (1)

Use the following notation for the four momenta etc

Neutron q = (En, ~q) Mass = Mn

Proton p = (Ep, ~p) Mass =Mp

Electron k = (Ee, ~k) Mass = m

Neutrino k′ = (Eν , ~k) Zero Mass

(a) Write the matrix element of the interaction Hamiltonian density between the initial
and final states. Detailed derivation is not required. Explain each part of your
expression.

(b) Obtain the S matrix element Sfi up to the first order in G.

(c) Square the S matrix element and write the transition probability per unit time per
unit volume.

(d) Find the decay probability per unit time (and no per unit volume now) for final
momenta ~p,~k,~k′ in the volumes d3p, d3k, d3k

′

and show an expression giving the
sum over the final states. Explain what factors will you put for summing over final
states and why? What else needs to be done for summing over final states.

(e) The answer obtained at the end of above steps, needs to be averaged over initial
states. Explain how this is to be done. Do not carry out any averaging.

(f) Make a list of the remaining steps to be completed for obtaining theoretical numbers
for neutron life time. Be brief, just a list, too many of details not required.

,Solution: The decay process will get contribution from the h.c.(hermitian conjugate) term. So we
write the hermitian conjugate term explicitly

Hint =
G
√
2
ψ̄p(x)γ

µ(1− γ5)ψn(x)× ψ̄e(x)γµ(1− γ5)ψν(x) + h.c. (2)

This is not trivial; verify it explicitly assuming Fermi constant G to be real.
The answer for the S matrix element for beta decay process is

Sfi = −i(2π)4δ(4)(q − p− k − k
′)
G
√
2

√

M

Ep

Mn

En

me

Ee

1

2Eν

×mfi. (3)

where mfi is an invariant matrix element having the rest of the S matrix element.

Write an expression for mfi and complete the remaining answer.
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