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§1 Schrodinger Wave Mechanics

The dynamics of a physical system needs to describe three components,

viz. states, dynamical variables and equations of motion.

In the Schrodinger wave mechanics the states are described by vec-

tors in some vector space. The dynamical variables are described by

operators in the vector space.

In most commonly used description of quantum mechanics, the time

development is described by the time dependent Schrödinger equation.

i~
∂|ψt〉

∂t
= H|ψt〉 (1)

∗
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where H is the Hamiltonian operator of the system. It must be remem-

bered that the dynamical variable represented by the operators do not

evolve with time. This description of time evolution is known as the

Schrodinger picture of quantum mechanics.

Note that average values and probabilities are observable quantities,

but not the wave function or the state vector. This fact allows to de-

scribe the time development in several possible ways. Later We will

describe two alternate important ways of describing time development

of a quantum system known as the Heisenberg picture and the Dirac

picture.

We use subscript S to denote the Schrodinger picture states |ψ〉S

and operators XS(q, p) or simply XS .

In large number of applications we will assume that the Hamiltonian

is independent of time. The state vector at time t is given by

|ψt〉S = U(t, t0)|ψt0〉S (2)
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where the time evolution operator is given by

U(t, t0) = exp(−iH(t− t0)/~). (3)

Without loss of generality, we will set t0 = 0. and write

|ψt〉S = e−iHt/~|ψ0〉 (4)

In most commonly used description of quantum mechanics, the time

development is described by the time dependent Schrödinger equation.

i~
∂|ψt〉

∂t
= H|ψt〉 (5)

whereH is the Hamiltonian operator of the system. The dynamical vari-

ables are operators and do not evolve with time. This description of time

evolution is known as the Schrodinger picture of quantum mechanics.

Note that average values and probabilities are observable quantities,

but not the wave function or the state vector. This fact allows to describe

the time development in several possible ways. We will describe two

alternate important ways of describing time development of a quantum

system known as the Heisenberg picture and the Dirac picture.

We use subscript S to denote the Schrodinger picture states |ψ〉S

and operators XS(q, p) or simply XS .

To simplify present discussion, we will assume that the Hamiltonian

is independent of time. The state vector at time t is given by

|ψt〉S = U(t, t0)|ψt0〉S (6)

where the time evolution operator is given by

U(t, t0) = exp(−iH(t− t0)/~). (7)

Without loss of generality, we will set t0 = 0. and write

|ψt〉S = e−iHt/~|ψ0〉 (8)

§2 Heisenberg Matrix Mechanics

The Heisenberg picture state vector is defined by

|ψt〉H = eiHt/~|ψt〉S = |ψ0〉. (9)

The Heisenberg state vector is independent of time and coincide with

the state vector in the Schrödinger picture at initial time. The time

development of the Heisenberg picture operators is defined so that the

average value of any dynamical variable at time t in the Schródinger and

Heisenberg pictures coincide. Thus we demand

H〈ψt|XH (t)|ψt〉H = S〈ψt|XS |ψt〉S (10)

Substituting (??) and (9) gives

〈ψ0|XH(t)|ψ0〉 = 〈ψ0|e
iHt/~XS e

−iHt/~|ψ0〉. (11)

We, therefore, define the Heisenberg picture operators by

XH(t) = eiHt/~XS e
−iHt/~. (12)

Equation of Motion In Heisenberg picture the state vector does not

evolve with time. SO how do we describe the time development of a

system? The answers is that in the Heisenberg picture the operators

carry the entire time dependence. So for a point particle, the position

operator, the momentum operator, in fact all dynamical variables be-

come time dependent. This is parallel to the classical description the

time evolution of the state is described by the position and momentum.

The equations of motion are then the equations telling us how the a

given dynamical variable will change with time. The equation of motion
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is easily derived from Eq.(12) and we compute

dXH

dt
=

d

dt

[

eiHt/~XS e
−iHt/~

]

(13)

=
d

dt

(

eiHt/~
)

XS e
−iHt/~ + eiHt/~

( d

dt
XS

)

e−iHt/~ + eiHt/~XS
d

dt

(

e−iHt/~
)

(14)

= iH
~
eiHt/~ XS e

−iHt/~ + eiHt/~
( ∂

∂t
XS

)

e−iHt/~ + eiHt/~XS e−iHt/~−iH
~

(15)

=
i

~
HXH +

∂

∂t
XH −XH

i

~
H (16)

Here we have used

d

dt
eiHt/~ =

(

iH
~

)

eiHt/~ = eiHt/~
(

iH
~

)

. (17)

Thus we arrive at the final form of equations of motion in the Heisenberg

picture

dXH

dt
=
∂XH

∂t
+

1

i~

[

XH ,H
]

−

. (18)

Recalling that the ( 1

i~× commutator) has correspondence with the Pois-

son bracket, we have an obvious correspondence with the Poisson bracket

form of equations of motion in classical mechanics.

The steps (13)- Eq.(16), leading to the final result (18), require some

explanation and care as explained in Notes and Comments section at the

end.
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