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§1 Time development in quantum mechanics

Description of state of a quantum mechanical system at one time is by

state vector in the Hilbert space.As the system evolves this state vector

will change. General requirements on time evolution lead to time evo-

lution governed by unitary operator and for short times by a hermitian

operator H which will be identified with Hamiltonian of the system.

Let |ψt0〉 represent the state of system at time t0 and |ψt〉 represent

the state at time t. We assume that |ψt0〉 at time t0 determines the

state at time t completely. The principle of superposition should apply

at these two times t0 and t. If we have a relation at time t0

|ψt0〉 = α|χt0〉+ β|φt0〉 (1)

between three possible states,|ψ〉, |χ〉, |φ〉, the same relation must hold
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Part-V.7 Time Evolution

at all times t > t0 when the system is left undisturbed

|ψ(t)〉 = α|χt〉+ β|φt〉 (2)

Thus if we write

|ψt〉 = U(t, t0)|ψt0〉 etc. (3)

Then U(t, t0) must be a linear operator independent of ψ. Obviously U

must reduce to the identity operator at time t = t0

U(t0, t0) = I . (4)

Next we demand that the norm of vector |ψt〉 should not change with

time and hence

〈ψt|ψt〉 = 〈ψt0|ψt0〉 for all t (5)

The above requirements (2) and (5), respectively, imply that the oper-

ator U must be a linear operator and that it must be unitary.

UU † = U †U = I (6)

We shall now derive a differential equation satisfied by the state vector

at time t. We, therefore, compute

d

dt
|ψt〉 = lim

∆t→0

|ψt+∆t)〉 − |ψt〉

∆t

= lim
∆t→0

(U(t+∆t, t)− I)

∆t
|ψt〉 (7)

or
d

dt
|ψt〉 = X̂|ψt〉 (8)

where X̂(t) = lim
∆t→0

U(t+∆t, t)− I

∆t
(8”)

=
d

dt′
U(t, t′)|t′=t

The operator X̂ can be shown to be anti-hermitian and hence with

notation H(t) ≡ X/(i~),H(t) will be hermitian. We therefore write

Eq.(8) as

i~
d

dt
|ψt〉 = Ĥ(t)|ψt〉 (9)

where

Ĥ(t) =
1

i~

∂

∂t
U(t, t′)|t′=t (10)

We shall now check that H(t) must be a hermitian operator. Consider Link[?]

U †(t, t′)U(t, t′) = I (11)

Differentiating w.r.t. t we get

{

∂

∂t
U †(t, t′)

}

U(t, t′) + U †

{

∂

∂t
U(t, t′)

}

= 0 (12)

Setting t′ = t and using U(t, t) = I we have

d

dt
U †(t, t′)|t′=t +

d

dt
U(t, t′)|t′=t = 0 (13)

or (
1

i~
Ĥ)† +

1

i~
Ĥ) = 0 (14)

or − iĤ† + Ĥ = 0 (15)

or Ĥ† = Ĥ (16)

Thus the time evolution of a quantum system is governed by the equation

i~
∂

∂t
|ψt〉 = Ĥ(t)|ψt〉 (17)

Using correspondence with classical mechanics, Dirac shows that the

operator Ĥ the represents the energy (or the Hamiltonian) of the system.
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( See §2 below and the discussion in the end of this section.) Using (3)

in (18) we get

i~
∂

∂t
U(t, t0)|ψt0〉 = Ĥ(t)U(t, t0)|ψt0〉 (18)

This equation must hold for all vectors |ψ >. Hence the time evolution

operator U must satisfy the differential equation

i~
∂

∂t
U(t, t0) = Ĥ(t)U(t, t0) . (19)

§2 Time development of averages

Time variation of average values

The time evolution of a quantum system is governed by the Schrodinger

equation

i~
d

dt
|ψt〉 = Ĥ|ψt〉. (20)

We will obtain an equation for time development of averages of a dy-

namical variable F̂ The result will turn out to have an obvious corre-

spondence with the classical equation of motion for dynamical variable

F . This then will suggest the identification of Ĥ as the operator repre-

senting the Hamiltonian of the system.

Let F (q, p, t) be an dynamical variable of the system and let F̂ denote

the corresponding operator. We are interested in finding out how the

average value

〈F̂ 〉 ≡ 〈ψt|F̂ |ψt〉 (21)

changes with time. The time dependence of the average value comes

from dependence of the three objects, the operatorF̂ , the bra vector 〈ψt|,

and the ket vector |ψt〉, present in Eq.(21). The equation conjugate to

the Schrodinger equation

i~
d

dt
|ψt〉 = Ĥ|ψt〉 (22)

is given by

− i~
d

dt
〈ψt| = 〈ψt|Ĥ† (23)

Since the operator Ĥ is hermitian, the above equation takes the form

− i~
d

dt
〈ψt| = 〈ψt|Ĥ (24)

Therefore

d

dt
〈F̂ 〉 =

(

d

dt
〈ψt|

)

F̂ |ψt〉+ 〈ψt|
dF̂

dt
|ψt〉+ 〈ψt|F̂

(

d

dt
|ψt〉

)

(25)

Using Eq.(23) and Eq.(24) in Eq.(25) we get

d

dt
〈F̂ 〉 = −

1

i~
〈ψt|ĤF̂ |ψt〉+ 〈ψt|

dF̂

dt
|ψt〉+

1

i~
〈ψt|F̂ Ĥ|ψt〉 (26)

The above equation is rearranged to give the final form

d

dt
〈F̂ 〉 = 〈

∂

∂t
F̂ 〉+

1

i~
〈 [F̂ , Ĥ] 〉 (27)

This result is known as Ehrenfest theorem. Comparing the Eq.(27)

with the equation of motion in classical mechanics for time evolution of

dynamical variables

dF

dt
=
∂F

∂t
+ {F,H}PB (28)

and remembering that the commutator divided by i~ corresponds to the

Poisson bracket in the limit ~ → 0, we see that Ĥ must be identified as

the operator corresponding to the Hamiltonian H of the system.

3 qm-lec-09003



§3 Solution of time dependent Schrödinger equa-

tion.

A scheme to solve the time dependent Schrödinger equation

i~
d

dt
|ψ〉 = Ĥ|ψ〉 (29)

is described. The solution will be presented in the form

|ψt〉 = U(t, t0)|ψt0〉 (30)

For our present discussion, it will be assumed that the

Hamiltonian Ĥ does not depend on time explicitly. Let the

state vector of system at initial time t = 0 be denoted by |ψ0〉.

Since Ĥ is always assumed to be hermitian, its eigenvectors form an

orthonormal complete set and we can expand the state vector at time t,

|ψt〉, in terms of the eigenvectors. Denoting the normalized eigenvectors

by |En〉, we write

|ψt〉 =
∑

n

cn(t)|En〉. (31)

where the constants cn(t) are to be determined. Substituting (31) in

(29) we get

i~
d

dt

∑

n

cn(t)|En〉 = Ĥ|ψt〉 (32)

i
∑

n

~
dcn(t)

dt
|En〉 =

∑

n

cn(t)Ĥ|En〉 (33)

Taking scalar product with |Em〉 and using orthonormal property of the

eigenvectors |En〉, we get

i~
dcm(t)

dt
= Emcm(t). (34)

which is easily solved to give

cm(t) = cm(0)e−iEmt/~. (35)

Therefore, |ψt〉,the solution of time dependent equation becomes

|ψt〉 =
∑

m

cm(0)e−iEmt/~.|Em〉. (36)

The coefficients cm(0) are determined in terms of the state vector |ψ0〉

at time t = 0 by setting time t = 0 in the above equation. This gives

|ψ0〉 =
∑

n

cn(0)|En〉. (37)

The unknown coefficients cn(0) can now be computed; taking scalar

product of Eq.(37), with |Em〉 we get

cm(0) = 〈Em|ψ0〉. (38)

Thus Eq.(36) and (38) give the solution of the time dependent Schrödinger

equation as

|ψt〉 =
∑

n

cn(0) exp(−i~Ent)|En〉 . (39)

The right hand side of the above equation can be rewritten as

∑

n

cn(0) exp(−i~Ent)|En〉 =
∑

n

cn(0) exp(−i~Ht)|En〉 (40)

= exp(−i~Ht).
∑

n

cn(0)|En〉 (41)

Therefore Eq.(39) takes the form

|ψt〉 = exp(−iHt/~)|ψ0〉. (42)
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In general, if the state vector is know at time t = t0, instead of time

t = 0, the result Eq.(42) takes the form

|ψt〉 = exp(−iH(t− t0)/~)
∑

n

cn(t0)|En〉 (43)

= exp(−iH(t− t0)/~)|ψt0〉. (44)

The time evolution operator U(t, t0), of Eq.(30), is therefore given by

U(t, t0) = exp(−iH(t− t0)/~) . (45)

§4 Stationary states and constants of motion

Stationary states

Let us consider time evolution of a system if it has a definite value of

energy at an initial time t0. The value of the energy then has to be

one of the eigenvalues and the state vector will be the corresponding

eigenvector. So |ψt0〉 = |Em〉, then at time t the system will be in the

state given by

|ψt〉 = U(t, t0)|Em〉 = exp(−iEm(t− t0)/~)|Em〉. (46)

It must be noted that the state vector at different times is equal to the

initial state vector times a numerical phase factor (exp(−iEm(t−t0)/~)).

Therefore, the vector at time t represents the same state at all times.

Such states are called stationary states because the state does not

change with time. Every eigenvector of energy is a possible stationary

state of a system. In such a state the average value of a dynamical

variable, X̂, not having time explicitly, is independent of time even if X̂

does not commute with Hamiltonian. In fact the probabilities of finding

a value on a measurement of the dynamical variable are independent of

time.

Constant of motion

Unless mentioned otherwise, we shall always assume that the Hamilto-

nian H of the system under discussion is independent of time.

If the dynamical variable F does not contain explicit time depen-

dence, then we have ∂F
∂t = 0. If such an operator F̂ commutes with the

Hamiltonian operator Ĥ, we will have

[F̂ , Ĥ ] = 0 . (47)

Eq.(27) shows that
d

dt
〈ψt|F̂ |ψt〉 = 0

Therefore in an arbitrary state, the average value of F̂ does not change

with time. Such a dynamical variable will be called a constant of

motion.

§5 Summary

• Given the state of the system at a time t0, the state vector at any

other time is related to it by a unitary transformation U(t, t0).

|ψt〉 = U(t, t0) |ψt0〉

• The equation of motion of quantum system is the Schrodinger

equation

i~
d

dt
|ψt〉 = Ĥ|ψt〉

where Ĥ is the Hamltonian operator of the system.

• The time evolution operator satisfies the equation

i~
∂

∂t
U(t, t0)|ψt0〉 = Ĥ(t)U(t, t0)
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• If the Hamiltonian does not depend on time, the evolution operator

is

U(t, t0) = exp[−iĤ(t− t0)/~]

• The average value of a dynamical variable,F̂ , satisfies

d

dt
〈F̂ 〉 = 〈

∂F̂

∂t
〉+

1

i~
〈 [F̂ , Ĥ] 〉

• A dynamical variable is a constant of motion if it commutes with

the Hamiltonian.

• The energy eigenstates of a system are staionary; they do not

change with time. The state vector of a stationary state at any

time is equal to the initial state vector multiplied by a numerical

phase factor.

• The average value of a constant of motion G is independent of

time in every possible state of the system including nonstationary

states.

• The avearge value of every dynamical variable is independent of

time in stationary states.

§6 Time Evolution of Quantum Systems

The state vector at a given time specifies the state of the system at

a given time and the state at any time is obtained by solving the

Schrödinger equation.

i~
d|ψ〉

dt
= H|ψt〉. (48)

where H is the Hamiltonian operator. The reason for identification of

H, in the above equation, with Hamiltonian is best brought out in by

means of correspondence with equations in classical mechanics.

From now on we will assume that the Hamiltonian H does not de-

pend on time. In this case the state vector at time t is related to the

state vector at initial time t0 by

|ψt〉 = U(t, t0)|ψt0〉 (49)

where

U(t, t0) = exp
(

−
iH(t− t0)

~

)

(50)

Since H is a hermitian operator, it follows that U(t, t0) is a unitary

operator.

The Hamiltonian operator being Hermitian leads to the following

important consequences. In the table below a few examples of time

evolution of states are given.
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Table : Time evolution energy eigenstates of a
quantum system

S.N. State at time t = 0 State at time t

1. |En〉 e−iEnt/~|En〉

2. c1|E1〉+ c2|E2〉 c1e
−iE1/~|E1〉+ c2e

−iE2t/~|En〉

3.
∑

k ck|Ek〉
∑

k cke
−iEkt/~|Ek〉

4. If states |ψt0〉, |φt0〉 evolve into |ψt〉, |φt〉,
then c1|ψt0〉+ c2|φt0〉 evolves into c1|ψt〉 + c2|φt〉

• The first row in the table shows that the energy eigenstates

H|En〉 = En|En〉 (51)

i.e. the states corresponding to a definite value of energy, have

a very simple time evolution. The state vector changes by phase

factor, a multiplicative constant of absolute value 1. Thus the

state itself does not change with time. Therefore energy states are

called stationary states.

• The time evolution preserves the superposition of states as is brought

out by the examples in the second and last rows of the table.

• The time evolution is unitary and hence norm of the state vector

is preserved. Mathematically this means that the norm 〈ψt|ψt〉 is

independent of time. In other words

〈ψt|φt〉 = 〈ψt0|φt0〉 (52)

and
d‖ψ(t)‖2

dt
= 0 (53)

Remembering that ‖ψ(t)‖2 is just the sum of probabilities of all

possible outcomes, The above result has a physical interpretation

that the total probability of all possible outcomes of a measure-

ment remains constant (= 1) at all times.

Here the results given above are a consequence of Hamiltonian being

hermitian.

In an alternate approach [?], one can start from requirements that

superposition be preserved and the normalization of the state vector

should not change with time and prove that this leads to an equation

of the form (48) where H some hermitian operator. Identification with

operator corresponding to Hamiltonian can then be done by making use

of classical correspondence.
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