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§1 Introduction

The first three postulates of quantum mechanics give a general frame-

work applicable to any physical system. The first and the second pos-

tulates are about the mathematical structure of the quantum theory.

These two postulates furnish a description of states and dynamical vari-
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ables of quantum systems. The third postulate makes contact with ex-

periments and talks about the possible outcomes of result of a measure-

ment. Recall that while the second postulate says that the dynamical

variables of a theory are represented by hermitian operators, no clue is

provided in the first three postulates about properties of these opera-

tors. For example, the generalised coordinate and canonical momentum

variables in quantum theory are replaced by operators, which we de-

note will by q̂ and p̂. However, the rules to manipulate these operators

must be formulated. In general, the product of two operators depends

on the order in which they are multiplied, so information about their

commutator will be useful.

The canonical quantisation rules(CCR) are important assumptions

about the commutation relations of operators that represent position

and momentum, and more generally, about the commutation relations

obeyed by a pair of operators representing generalised coordinate and

1



Module nn /Package nn - qm-lec-07003 2

canonical conjugate momentum.

The CCR are extremely powerful statements about the operators.

In principles CCR together with other postulates make almost all com-

putations in quantum mechanics possible using algebraic methods, and

no further information is needed.

§2 Canonical commutation relations

Let q1, q2, ..., qN be generalised coordinates of a classical system hav-

ing N degrees of freedom and let the corresponding canonical conjugate

momenta be denoted by p1, p2, ..., pN . The canonical quantisation pro-

cedure consists in assuming that the corresponding operators satisfy the

following canonical commutation relations (CCR).

[q̂i, q̂j] = 0; [p̂i, p̂j ] = 0, (1)

[q̂i, p̂j ] = i~δij . (2)

It should be noted that ~ has the correct dimension of product qkpk

and that the commutators in Eq.(1)-( (2) ) are i~ times the correspond-

ing Poisson brackets in the classical theory.

The canonical commutation rules for a particle in one dimension, the

operators q̂, p̂, corresponding the generalised coordinate and momentum

take the form

[q, p] = i~. (3)

For a particle in three dimensions the position and momenta are

x, y, z, px, py, pz and the nonzero commutators are

[x̂, p̂x] = [ŷ, p̂y] = [ẑ, p̂z] = i~, (4)

and the commutators of all other pairs of operators are zero. For

general dynamical variables, other than coordinates and momenta, one

has the following correspondence between the commutators and Poisson

brackets in the limit ~0.

lim
~→0

[F̂ , Ĝ] = i~{F,G}P.B.. (5)

Here F̂ , Ĝ represent opertors associated with the classical dynamical

variables F,G which will be functions of the generalised coondinates and

canonical momenta.

Question for You: How do you understand that a factor i~ should

appear in the righthand side of Eq.(5)?

§3 General Form of Uncertainty Relation

For a particle in one dimension, the Heisenberg uncertainty relation

∆x∆p ≥
~

2
, (6)

using the canonical commutation relation

[x̂, p̂] = i~Î , (7)

where Î is the identity operator. The position momentum uncertainty

relation is a special case of generalised relation

(∆A)ψ(∆B)ψ ≥
~

2
|〈ψ|C|ψ〉| (8)

for two hermitian operators A,B having the commutator [A,B] = iC.
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Definitions and properties of uncertainty ∆X

Several definitions and properties of uncertainty will be presented.

Definition 1: Assuming state vector |ψ〉 to be normalized, the aver-

age of a dynamical variable in the state |ψ〉 is given by 〈ψ|X|ψ〉. The

uncertainty of a physical quantity X in a state ψ will be denoted as

(∆X)ψ and is defined by

(∆X)2ψ = 〈ψ|X̂2|ψ〉 − (〈ψ|X̂ |ψ〉)2 ≡ X2
ψ −X

2

ψ, (9)

where notations Xψ and 〈X〉ψ , both will be used to denote the average of

an observableX in state ψ and omit the suffix ψ to simplify intermediate

steps.

Defintion 2: The uncertainty ∆X, as given in (9) can be written in

alternative form as

(∆X)2ψ = 〈(X̂ −X)2〉ψ. (10)

TO see this note that

(∆X)2ψ = 〈(X̂ −X)2〉ψ (11)

= 〈ψ|(X̂ −X)2|ψ〉 (12)

= 〈ψ|X̂2 − X̂X −XX̂ +X
2
|ψ〉 (13)

= 〈ψ|X̂2 − 2XX̂ +X
2
|ψ〉 (14)

= 〈ψ|X̂2|ψ〉 − 〈ψ| 2XX̂ |ψ〉+ 〈ψ|X
2
|ψ〉 (15)

= 〈ψ|X̂2|ψ〉 − 2X 〈ψ|X̂ |ψ〉+X
2
〈ψ|ψ〉 = (X2)− 2X

2
+X

2
(16)

= (X2)−X
2

(17)

Defintion 3: The above alternate definition can be cast in a useful

form. Remembering the X is a physical quantity and hence X̂ is hermi-

tian. Therefore the average value of X̄ψ will be real and hence

(X̂ − X̄)† = (X̂† − X̄∗) = (X̂ − X̄). (18)

We will now show that uncertainty ∆X can be also defined as

(∆X)ψ = ‖(X̂ − X̄)ψ‖ (19)

Consider the right hand expression and then we have

‖(X̂ − X̄)ψ‖2 =
(
(X̂ − X̄)ψ, (X̂ − X̄)ψ

)
(20)

= (ψ, (X̂ − X̄)†(X̂ − X̄)ψ) (21)

= (ψ, (X̂ − X̄)2ψ) (22)

∴ 〈(X̂ − X̄)2〉ψ = ‖(X̂ − X̄)ψ‖2 (23)

Substituting the above expression in the right hand side of (10), we

get the third expression (19) for the uncertainty ∆X.

It follows from the (19) that the uncertainty of a dynamical variable

X in a state |ψ〉 is zero if and only if Norm equals to zero iff vector equals to zero ,

(X̂ −X)|ψ〉 = 0 (24)

orX̂|ψ〉 = X |ψ〉. (25)

This implies that the state |ψ〉 must be an eigenstate of the operator X̂.

Generalized uncertainty relation

We will now prove the generalised uncertainty relation given in Eq.(8).

To simplify our notation we drop the suffix ψ in expressions for uncer-

tainties and averages. We also stop using Â etc for operators. Thus in
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the following A,B,C appearing in mathematical expressions will stand

for the operators.

As a first step, in derivation of Eq.(8), we use the Cauchy Schwarz

inequality

‖f‖2‖g‖2 ≥ |〈f |g〉|2, (26)

with |f〉 = (A−Ā)|ψ〉, and |g〉 = (B−B̄)|ψ〉. So we have , since A and B are hermitian ,

〈f | = 〈ψ|(A† − Ā∗) = 〈ψ|(A− Ā) (27)

〈g| = 〈ψ|(B† − B̄∗) = 〈ψ|(B − B̄) (28)

and therefore

‖f‖2 = 〈f |f〉 = 〈ψ|(A − Ā)2|ψ〉, (29)

‖g‖2 = 〈g|g〉 = 〈ψ|(B − B̄)2|ψ〉, (30)

〈f |g〉 = 〈ψ|(A − Ā)(B − B̄)|ψ〉. (31)

Inserting these expressions into Cauchy Schwartz inequality, Eq.(26), we

get

(∆A)2(∆B)2 ≥ |〈ψ|(A − Ā)(B − B̄)|ψ〉|2 ≡ |〈ψ|X|ψ〉|2, (32)

where we have usedX to denote the operator expression (A−Ā)(B−B̄).

We write the operator X as a sum of commutator and anticommutator

of operators (A− Ā) and (B − B̄):

X = (A− Ā)(B − B̄) =
1

2
[(A− Ā), (B − B̄)]−++

1

2
[(A− Ā), (B − B̄)]−(33)

using XY = 1

2
[X,Y ]+ + 1

2
[X,Y ]− (34)

=
1

2
[(A− Ā), (B − B̄)]+ +

i

2
C. (35)

This splitting of X into two parts allows us to separate the real and

imaginary parts of 〈ψ|X|ψ〉 and to compute its absolute square needed

in Eq.(32):

〈ψ|X|ψ〉 =
1

2
〈ψ|[(A − Ā), (B − B̄)]+|ψ〉︸ ︷︷ ︸+

i

2
〈ψ|C|ψ〉︸ ︷︷ ︸ . (36)

Both the quantities marked with braces,being average values of hermi-

tian operators, are real. Hence

|〈ψ|X|ψ〉|2 =
1

4
|〈ψ|[(A − Ā), (B − B̄)]+|ψ〉|

2 +
1

4
|〈ψ|C|ψ〉|2. (37)

Therefore, the inequality Eq.(32) becomes

(∆A)2(∆B)2 ≥
1

4
|〈ψ|[(A − Ā), (B − B̄)]+|ψ〉|

2 +
1

4
|〈ψ|C|ψ〉|2(38)

∴ (∆A)2(∆B)2 ≥
1

4
|〈ψ|C|ψ〉|2. (39)

This gives us the desired generalised form of uncertainty relation

∆A∆B ≥
1

2
〈C〉ψ. (40)

For position and momentum [x̂, p̂] = −~, and hence we have

(∆x)ψ (∆p)ψ ≥
~

2
.〈ψ|C|ψ〉 (41)

Minimum uncertainty states

Let us now ask,“Which states will have the minimum value of the uncer-

tainty product?” Going back to the first step and analysing the proof,

for equality to hold in the uncertainty relation (40), the Cauchy Schwarz

inequality, Eq.(26), must become equality. This will be the case if and

only if |f〉 = λ|g〉, for some complex number λ. In addition to this,
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the average of the anticommutator in Eq.(38) should zero. Thus nec-

essary and sufficient conditions for state |ψ〉 to be state with minimum

uncertainty becomes

(A− Ā)|ψ〉 = λ(B − B̄)|ψ〉, [(A− Ā), (B − B̄)]+|ψ〉 = 0. (42)
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