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§1 New Concepts Brought in by Quantum Me-

chanics

During the first three decades of the twentieth century when quantum

theory was being developed several classical concepts had to be revised.

A list of major changes that took places is as follows.

∗
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1. Discontinuous nature of physical process such as emission of

radiation in Bohr model absorption of radiation in photoelectric

effect.

2. Quantization of physical observable quantities, for example

angular momentum and energy in Bohr model.

In quantum description, the dynamical variables are quantized, in

general, they can take only some discrete values.

3. Wave particle duality was an important change in concepts that

brought in major changes in the way we think of physical system.

The fact that in quantum world both matter and radiation have

dual nature had far reaching consequences. However, It must be

remembered that the two natures are complimentary and do not

manifest themselves in any single experiment ( Bohr complimen-

tary principle).
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In addition to the above mentioned changes, the quantum theory

brought many new concepts and forced revision of several classical ideas.

We recapitulate some important classical concepts which underwent a

complete revision after the quantum revolution.

• The classical theories are deterministic, once initial state is spec-

ified the motion of the system is deterministic; out come of any

measurement can be predicted.

The quantum theory is probabilistic; only probabilities of different

possible outcomes of experiments can be predicted by the theory.

• In classical theory we associate a well defined trajectory with mo-

tion of particles. Waves are not localized and one cannot associate

definite trajectories with waves. Properties of particles and waves

are incompatible properties.

• In classical mechanics the states of a physical system are described

by generalized coordinates and momenta. This changes completely

in the quantum theory.

• In classical theories there is no restriction on simultaneous mea-

surement of a pair of variables.

Unlike classical theories, a generalised coordinate and canonical

conjugate momentum can not be measured to arbitrary accuracy

simultaneously. In general two arbitrary dynamical variables can-

not be measured simultaneously.

• The classical motion of particle is confined to regions where the

total energy is greater than the potential energy. A particle cannot

cross a region where the potential energy is higher than the kinetic

energy.

A quantum particle can tunnel through a barrier, as is the case in

alpha decay.

• In quantum world all particles and radiation have dual nature.

However, The two natures are complimentary and do not mani-

fest themselves in any single experiment. ( Bohr complimentarity

principle)

• In quantum description identical particles cannot be distinguished,

they loose their identity.

Our understanding of classical concepts requires a major shift, or

even a complete change. In addition many new concepts are brought in

by the quantum theory.

In addition entire mathematical framework needed for description

of quantum phenomena changes. While the mathematics prerequisite

for classical mechanics for solution of problems is differential equations

and partial differential equations, quantum mechanics brings in Hilbert

spaces and probability theory in an essential way.

Also note that the kind of questions that are meaningful for a classi-

cal system, do not all remain valid questions in quantum mechanics. For

example For a classical point particle we may ask for its position and

momentum at different times but not for a quantum particle ( which

is also a wave ). There are a whole host of new physically meaningful

questions that are not asked in the classical physics.

At this stage you need to remember that above ideas from classical

formulations will need a change. Why change is needed, what is the
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replacement , if any, and all such questions will be dealt with at a suitable

stage later,

The transition from classical to quantum mechanics is conventionally

made by following a route known as canonical quantization. This is the

route we will follow. Later you might learn that there are several routes

( 10) to quantization.

You will understand all this more clearly as you move on and learn

the subject. So, by the time we reach the end of this course, you will

have understood basics of one of the most common approach to quantum

mechanics . Several revisits will be needed for you to gain better and

fuller appreciation of the subject.

. Before closing, I leave you with a quote from the quantum mechan-

ics book by Landau and Lifshitz [?] p3.

“Thus quantum mechanics occupies a very unusual place

among physical theories; it contains classical mechanics as a

limiting case, yet at the same time it requires this limiting case

for its own formalism.”

Think about the statement Landau and Lifshitz make and about

‘intriguing’ relation between the classical and quantum theories.

§2 Why begin with postulates

The inadequacy of classical theory and efforts to explain the observed

physical phenomena led to a major revision of classical concepts and of

the mathematical structure. Some of the earliest points of departure

from the classical theory were (i) discrete nature of physical processes,

as in Plancks hypothesis and (ii) quantisation of dynamical variables, for

example, angular momentum in Bohrs theory.

The wave particle duality had far reaching consequences and has

changed the way we understand and do physics. Here we will briefly

highlight the important points that are best seen to emerge from impli-

cations of wave particle duality on thought experiments.

In a double slit interference experiment for electrons, because of the

dual nature we would expect to see an interference pattern. However,

when the intensity of the incident beam is reduced to single electron at a

time, we are inclined to conclude that one would see a spot on the screen,

and not an interference pattern. Still an interference pattern appears

when the experiment is repeated with a large number of times. This can

be understood only by associating a probability amplitude of electron

reaching a point on the screen. It is accepted that the a prediction

about exact location of the spot for in experiment with single electron

is impossible and indeterminacy has entered in an essential way.

On similar lines, an analysis of the thought experiments on photon

polarisation in the limit of low intensities involving single photon leads

to the indeterminacy of polarisation state of a photon. This in turn

introduces indeterminacy in outcomes of polarisation measurements.

Again we are led to probabilities being associated with the out come of

measurements of physical quantities. The indeterminacy is seen to arise

due the state of the photon being superposition of two different states of

polarisation.

This theory of itself does not

It has to emphasised that the suggestion here is that indeterminacy

is of a fundamental nature and not due to some limitation of of the

quantum theory or of the measuring apparatus.

An analysis of Heisenberg microscope thought experiments to mea-

sure position and momentum of particles simultaneously leads to the
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Heisenberg uncertainty principle. It asserts that the position and mo-

mentum of a particle cannot be measured simultaneously. This is forced

due to the observed dual nature of electrons and photons.

Thus we are naturally led to ask the following, and many more,

questions.

• If we have to incorporate the superposition principle of quantum

states, how are the states and dynamical variables are to be de-

scribed in quantum theory?

• If some dynamical variables are quantised, how are we to compute

the allowed values of dynamical variables?

• Acceptance of indeterminacy leads us to ask what is the scheme

to compute the probabilities of different possible outcomes of an

experiment?

• The uncertainty principle is an out come of Heisenberg microscope

thought experiment and a consequence of wave particle duality.

This analysis gives us no clue about which other pairs of dynam-

ical variables cannot be measured simultaneously. In fact we do

not have a precise mathematical formulation of the uncertainty

principle; it is not clear “How is the uncertainty in a dynamical

variable even defined precisely?”

The answers to these, and many more, questions, will be obtained by an

application of the postulates of quantum mechanics. Learning the pos-

tulates also allows us maintain a clear understanding of what is assumed

and what is derived.

There are several different ways of formulating quantisation applying

to physical systems. The postulates will in general appear different in

different scheme. Remember that the postulates, to be described below,

give us one of several possible schemes, of ’doing’ quantum mechanics.

Learn from Masters: We strongly recommend that the reader should

go through a few pages of a terse but an illuminating discussion of su-

perposition principle, indeterminacy, simultaneous measurement, and

related issues from the very first section of the first chapter of Landau

Lifshitz. A ’teaser’ from of this part of the book, reproduced below, should

serve as an inducement for going to the original book.

This circumstance shows that, in quantum mechanics, there is no such
concept as . . . .
A complete description of the state . . . in classical mechanics . . . In quan-
tum mechanics such a description is impossible.. . .
A very important consequence follows . . . . Where as a classical descrip-
tion... with complete accuracy,. . . quantum mechanics evidently cannot
do this. . . . Hence quantum mechanics cannot ... completely definite
predictions. . . .
All measuring process in . . . may be divided into two classes.. . . .
We shall often find that by no means . . . can be measured simultaneously.
We shall now formulate the meaning of a complete description of a state
in quantum mechanics.. . .
In quantum mechanics we shall understand by the states of a quantum
system . . . .

Landau Lifshitz

§3 Postulates of Quantum Mechanics

1. States of physical system The state of a quantum mechanical sys-

tem is represented by a vector in a complex vector space with inner
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product (Hilbert Space).

The null vector does not represent any state. Two non-null vectors

represent the same state if and only if they are linearly dependent.

Thus |ψ1〉 and |ψ2〉 represent the same state if there exists a com-

plex number c such that

|ψ2〉 = c|ψ1〉 (1)

A vector that represents state of physical system will be called

state vector. The quantum mechanical states represented by vec-

tors in Hilbert space are called pure states. There are other pos-

sible states which are called mixed states. These are represented

by a density matrix ρ. The density matrix is an operator having

properties that it is hermitian and that its eigenvalues are bewteen

0 and 1. A density matrix ρ corresponds to a pure state if and

only if ρ2 = ρ.

2. Dynamical Variables The dynamical variables of a physical system

are represented by linear operators in the vector space.

A linear operator representing a dynamical variable must have

real eigenvalues and their eigenvectors must form a complete set.

These properties are satisfied by self adjoint operators (hermitian

operators). So we demand that the dynamical variables be rep-

resented by self adjoint operators in Hilbert space. An operator

representing a dynamical variable will also be called an observable.

3. Measurement postulate and probabilities If the system is in a state

|(〉ψ), a measurement of dynamical variable A will give one of its

eigenvalues αk with probability equal to |〈uk|ψ〉|
2, where |uk〉 is the

eigenvector of Â corresponding to eigenvalue αk.
1

A result of any measurement of a dynamical variable is one of

the eigenvalues of the corresponding operator. Conversely, every

eigenvalue of an observable representing a dynamical variable is a

possible result of a measurement of the dynamical variable.

As an example, let |u1〉, |u2〉, · · · , |un〉 represent the eigenvectors

of an observable Â. If the state vector of a physical system, |ui〉,

is an eigenvector of an operator Â representing a dynamical vari-

able A, a measurement of the dynamical variable gives value α

with probability 1. Here α is the eigenvalue of Â corresponding

the eigenvector |ui〉. Conversely, if the measurement of A gives

the value α with probability 1, the state of system will be rep-

resented by a vector which will be eigenvector of the operator Â

corresponding to the eigenvalue α.

In general state vector |ψ〉 will not be an eigenvector of the given

dynamical variable. In such a case a measurement of the variable A

will results in values α1, α2, · · · , αn with probabilities c1|α2〉, c1|α2〉, · · · , cn|αn

where c1, c2, · · · , cn are the coefficients in the expansion of the state

vector |ψ〉

|ψ〉 =
∑

k

ck|uk〉 (2)

in terms of eigenvectors of Â.

Here |ψ〉 and |uk〉 are assumed to be normalized.

〈ψ|ψ〉 = 1; 〈uk|uk〉 = 1, k = 1, 2, . . . (3)

1Requires modification when eigenvalues of A are degenerate.
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4. Commutation relations The operators corresponding to the general-

ized coordinates and momenta {qk, pk} of a classical system satisfy

q̂iq̂j − q̂j q̂i = 0 (4)

p̂ip̂j − p̂j p̂i = 0 (5)

q̂ip̂j − p̂j q̂i = i~δij (6)

The above relations are called canonical commutation relations.

5. Equation of motionThe time development of a system is governed

by the Schrodinger equation

i~
d

dt
|ψt〉 = Ĥ|ψt〉 (7)

where |ψt〉 is the state vector of the system at time t and Ĥ is the

operator representing the Hamiltonian of the system.

6. Symmetrization postulate for identical particles For a system of iden-

tical particles, the state of the system remains unchanged under

exchange of a pair of particles, it should be either symmetric or

antisymmetric under an exchange of all the variables of the two

identical particles.2
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