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§1 New Concepts Brought in by Quantum The-

ory A summary

We summarize some important classical concepts which underwent a

complete revision after the quantum revolution. We relate these changes

to the developments that took place before quantum mechanics was

established (1900-1924).This list is aimed to provide a motivation for

the postulates of quantum mechanics.

• Discontinuous nature of physical processes

The classical physical processes are perceived as happening contin-

uously. In contrast to the prevailing models, Planck’s explanation

of black body radiation, Einstein’s explanation of photoelectric

effect and Bohr model, all assumed that the the process of emis-

sion of radiation is discontinuous. Niels Bohr brought in quantum

jumps to explain hydrogen atom spectrum.
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I.3 The Quantum Revolution §1 New Concepts Brought in by Quantum Theory A summary

• Quantization of dynamical variables

In classical theories dynamical variables associated with waves and

particles can take continuous values.

In quantum description, the dynamical variables are quantized, in

general, they can take only some discrete values. This was needed

for many successful explanations of physical phenomena in days of

old quantum theory, Bohr’s model being one such example. That

all values are not allowed for z- component of angular momentum,

was postulated in order to explain Zeeman effect. The Stern Ger-

lach experiment demonstrated quantization of intrinsic magnetic

moment and of spin.

• Simultaneous measurement

Unlike classical theories, in general two arbitrary dynamical vari-

ables cannot be measured simultaneously. It has roots in Heisen-

berg’s work that the position and canonical conjugate momentum

cannot be measured to arbitrary accuracy simultaneously. Limi-

tations on simultaneous measurement of position and momentum

can be traced back to wave particle duality.

• Wave particle duality In classical theory we associate a well de-

fined trajectory with motion of particles. Waves are not localized

and one cannot associate definite trajectories with waves. Proper-

ties of particles and waves are incompatible properties.

• Complementarity principle

In general, electrons, protons etc. are described by wave packets

and have position and momentum defined subject to restrictions

imposed by the uncertainty principle.

A particle description becomes a good approximation in certain

regimes such as small wavelength. The wave nature takes over for

large wavelengths.

The two natures are complementary. They are both needed to

have a complete understanding of physical systems. The two as-

pects do not manifest themselves in any single experiment. (Bohr

complementarity principle)

• Quantum tunnelling

The classical motion of particle is confined to regions where the

total energy is greater than the potential energy. A classical parti-

cle cannot cross a region where the potential energy is higher than

the kinetic energy. (Barrier tunnelling as in alpha decay.)

This does not surprise us if we look at the wave picture. The tun-

nelling through a barrier can be understood in terms of evanescent

waves in a medium where the waves can not propagate.

• Superposition principle

Within the classical framework an understanding of the wave phe-

nomena such as interference, diffraction and polarisation require

superposition of waves.

In quantum theory, the wave particle duality also requires a su-

perposition principle. This is ”superposition of states” as against

superposition of wave amplitudes in classical physics. Read more

about it from [?].

• States of physical system

The states of a quantum system are no longer specified by the

generalised coordinates and momenta.
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• Dynamical variables as operators

The dynamical variables are no longer ordinary functions of canon-

ical variables.

• Quantisation as an eigenvalue problem

A measurement of a dynamical variable does not give all possible

( classically allowed) values. That allowed values are to be com-

puted by solving eigenvalue problem was brought in by works of

Schrödinger.

• Indeterminacy and probability

The classical theories are deterministic, where as the quantum

theory is probabilistic, again as a consequence of wave particle

duality.

An analysis of thought experiments reveals the indeterministic na-

ture of quantum theory.

The quantum theory predicts only probabilities of possible out-

comes of experiments of measurements.

Thus a measurement of a dynamical variable yields only probabil-

ities for different possible outcomes of permissible values.

Not only our understanding of classical concepts require a major

shift or a complete change and many new concepts are brought in by

the quantum theory. In addition entire mathematical framework needed

for description of quantum phenomena changes. While the mathematics

prerequisite for classical mechanics for solution of problems is differential

equations and partial differential equations, quantum mechanics brought

in new mathematics. Several possible approaches with variety of starting

points are available, the most commonly used one makes use of Hilbert

spaces and probability theory in an essential way.

The above description of changes brought by quantum theory is

meant to serve as a warning to young readers that a continued attempt to

use classical concepts, without care, will result in loss of understanding

and seemingly paradoxical situations. It must be remembered that clas-

sical mechanics does not become fully obsolete, and that care is required

in using classical picture for a given system. In fact correspondence with

classical mechanics is capable of providing useful insights and continues

to be an active and fertile research area. We end this section with a

quote from Landau and Lifshitz [?]

Thus quantum mechanics occupies a very unusual place among
physical theories: it contains classical mechanics as a limiting case,
yet at the same time it requires this limiting case for its own
formulation.
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§2 Schrodinger wave equation

Point Particle Waves

Mass Point Wave packet

Trajectory Ray

Velocity,ϑ Group Velocity,ϑ̃

Phase Velocity, (v)

Potential Energy ϑ(x) Refractive Index,

Function of position n(x)

Energy E Frequency ν

Dispersive medium, n(, ν, x), v(ν, x)

Manupertuis Principle: Fermat Priniciple:

∫

√

E − ϑ(x)dx = min

∫

ds

v(ν, x)
= min

Remark Note that,for a particle,
∫
√

E − V (x)dr =min,means
∫

pdx = min

which, for E = const, implies
∫

(pdx−Hdt) = min.

Particles have dual nature, therefore consistency requires that both Mau-

pertuis and Fermat principles should give the same answer. Therefore,

we must have
1

v(ν, x)
= f(ν)

√

E − V (x) (1)

Velocity of a point mass is

ν =
p

m
=

√

2(E − V (x))/m. (2)

and group velocity, for waves, is given by

vg =
dω

dk
= 1/(

dk

dω
) (3)

Note that v − νλ, ω = 2πν and k = 2π/λ,

vg = 1/
d

dν
(1/λ) = 1/

d

dν
(
ν

v(ν)
) (4)

Thus, for velocity of a mass point, we get

1

ϑ
=

d

dν

( v

v(v, x)

)

(5)

Velocity of a mass point ϑ corresponds to the group velocity vg of wave

packet =ϑ̃. Hence
√

m

2

1
√

E − V (x)
=

d

dν
(νf(ν)

√

E(ν)− V (x)) (6)

=
d

dν
(νf(ν))

√

E(ν)− V (x) +
νf(ν)

2

dE(ν)

dν

1

E(ν)− V (x)
(7)

This equation will be correct for all x and all ϑ(x) if

d

dν
(νf(ν)) = 0 or νf(ν) = const,K. (8)

and the coefficient of 1√
E−V (x)

on both sides are equal:

√

m

2
=
νf(ν)

2

dE(ν)

dν
=
K

2

dE(ν)

dν
(9)

⇒ dE(ν)

dν
= const, h⇒ E = hν + const., (10)

Setting this last constant to zero gives

E = hν (11)
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I.3 The Quantum Revolution §2 Schrodinger wave equation

and Eq.(10) determines the constant K =

√
(2m)

h
. Also νf(ν) = K along

with Eq.(1)implies

1

v(ν, x)
=
K

ν

√

E(ν)− V (x) =

√
2m

hν

√

E(ν)− V (x) (12)

or
h

√

2m(E(ν) − V (x))
=
v

ν
= λ (13)

This gives

λ =
h

p
(14)

Derivation of Schrdinger Equation For monochromatic waves

∇2ψ − 1

v2
d2ψ

dt2
= 0 (15)

We set ψ(x, t) = u(x)e−iωt, assuming ω to be fixed, using Eq. (13) we

get

∇2u+
ω2

v2
u = 0 (16)

⇒ ∇2u+
4πν2

h2ν2
(2m(E(ν) − V (x))u = 0 (17)

⇒ ∇2u+
2m

h2
(E(ν)− V (x))u = 0 (18)

For states with fixed energy, we have

Eψ = hωψ ∼ ih
∂ψ

∂t
, (19)

giving the time dependent Schrdinger equation

ih
∂ψ

∂t
= − h2

2m
∇2ψ + V (x)ψ (20)

Clap!Clap!

Remarks:

The highlight of this route is the derivation of de Broglie relation λ = h/p

and the Einstein relation E = hν for point particles by demanding the

action principles for matter and waves give the same result.

I thank Bindu Bambah for providing Fermi’s Chicago University lecture

notes to me. I wish Fermi’s Lecture Notes were available to the present

generation of students.
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