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We shall now outline the steps for deriving energy levels and wave functions for harmonic
oscillator in the coordinate representation. The eigenvalue equation

Hψ = Eψ

for the harmonic oscillator becomes the following differential equation in coordinate representa-
tion
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ψ(q) = Eψ(q) (1)

The main steps in solution of the eigenvalue problem in coordinate representation are as follows.

1. In terms of dimensionless variables ξ = αq, λ = 2E/~ω, where α2 = mω/~, the Schrödinger
equation (1) becomes

d2ψ

dξ2
+ (λ− ξ2)ψ = 0 .

2. It can be seen that for large ξ solutions to the differential equation behave as a polynomial
times e±ξ2/2.

3. Define H(ξ) by means of the equation

ψ(ξ) = H(ξ)e−ξ2/2

then H(ξ) satisfies equation.

H ′′ − 2ξH ′ + (λ− 1)H = 0 . (2)

4. The above equation is well known Hermite equation and can be solved by the method of
series solution. To solve the Hermite equation we write a series expansion

H(ξ) = ξc(ao + a1ξ + a2ξ
2 + · · · ) (3)

The series (3) is substituted in (1), and coefficient of each power of ξ coming from the
L.H.S. of (2) must be set equal to zero. This gives value of c

c(c− 1) = 0 ⇒ c = 0, 1

∗ 18qm-lsn-C3.tex Proofs Date Created: Jan 16, 2015

1

akkhcu@gmail.com


18qm-lsn-C3 2

and recurrence relations for the coefficients an

an+2 =
2n+ 2c+ 1− λ

(n+ c+ 1)(n + c+ 2)
an . (4)

5. For c = 0 all the even coefficients are determined in terms of ao and all the odd coefficients
are proportional to a1, and ao and a1 are arbitrary. Thus one gets

H(ξ) = a1y1(ξ) + a2y2(ξ) (5)

For c = 1 the solution for H(ξ) is proportional to y2(ξ) and is already contained in (5).
Hence this case, c = 1, need not be considered separately.

Note the eqn.(2) is a second order differential equation and the most general solution is a
linear combination of two independent solutions y1(ξ) and y2(ξ).

6. Next we must explore large ξ behaviour of (5). The relation (4) for large n takes the form

an+2

an
∼

2

n
.

which coincides with the ratio of the expansion coefficients, in the series for exp(ξ2)

exp(ξ2) =
∑ ξ2n

n!

Thus the two solutions y1(ξ) and y2(ξ) behave like exp(ξ2) for large ξ and

ψ(ξ) = H(ξ)eξ
2/2 (6)

ξ→∞ ∼ eξ
2

× e−ξ2/2 = eξ
2/2 (7)

This behaviour of ψ(ξ) for large ξ makes the solution unacceptable because ψ(ξ) would
not be square integrable.

7. The only way one can get a square integrable solution for ψ(q) is that the solution H(ξ)
must reduce to a polynomial. If H(ξ) is to contain a maximum power n then we must
demand the following conditions.

(i) an+2 = 0
⇒ 2n+ 2c+ 1− λ = 0
λ = 2n+ 1
and

(ii ) a1 = 0 if n = even
ao = 0 if n = odd.

8. The condition λ = (2n+ 1) is equivalent to the energy quantization

E = (n +
1

2
)~ω .

The wave functions are obtained by using conditions, as in (i) and (ii) above, and the
recurrence relations to solve for the coefficients an. The resulting solutions for Hn are
Hermite polynomials and the normalized eigenfunctions are given by

ψn(q) =

(

α
√
π 2nn!

)1/2

Hn(αq) exp(−α
2q2/2)

These coincide with the wave functions obtained from operator methods 1
n!(a

†)nφ0(q).


