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Solving the eigenvalue problem for the Hamiltonian gives the allowed values of

energies of a system. Working within the Schrödinger representation, the eigenvalues

and eigenfunctions for a particle in box, square well, delta function potential and

the harmonic oscillator will be obtained. In the Schrödinger representation the

Hamiltonian operator, for a particle in one dimension, is

H =
~
2

2m

d2

dx2
+ V (x), (1)

and the eigenfunctions are obtained by solving the Schrödinger equation

Hu(x) = Eu(x) (2)

~
2

2m

d2u(x)

dx2
+ V (x)u(x) = Eu(x). (3)

In this section we briefly mention a few important properties of solutions for poten-

tials needed to model common physical problems.

Requirement on solutions Let us talk about the requirements that must be

imposed on u(x), so that the solution may be acceptable.

When the potential is a continuous function of x, the differential equation Eq.(3)

requires the second derivative must exist and hence that u(x) and its first derivative

u′(x) must be continuous. The same requirement holds for the potentials, such as

square well, which are piecewise continuous with a finite jump at the discontinuity.

For more singular potentials, the correct requirements on the solution and the its

derivative will be found either from the Schrödinger equation directly, or by regard-

ing the potential as a limiting case of suitable potential. I will go through this

exercise for infinite well and the Dirac delta function potential.
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For bound state solutions, the probability density, |u(x)|2 must approach zero as

x → ∞. This means that the solution must go to zero faster than x−1/2 for large

distances. An exception will be made for continuous energy solutions which describe

scattering from a potential.

Additional physical requirements on acceptable wave functions follow from the

fact that the absolute square |u(x)|2 has the interpretation of being probability

density. For motion in one dimension, in order that the position probability for

every interval may be finite, the solution u(x) must be less singular than |x− a|−1/2

for all x. It may be emphasized that u(x) becoming singular but probability in ever

small interval may remain finite. Such cases do exist and have been discussed, but

will not appear here during our course.

For the scattering problems when the potential is a finite range, I will follow a

common, though not fully rigorous, practise to accept solutions which behave like

free particle (plane waves in one dimension) at large distances. This is consistent

with the physical picture for scattering that the particles behave like free particle

at large distances.

The Schrödinger equation being a second order differential equation and has two

linearly independent solutions. A general solution will be a linear combination and

of the two solutions and has form

u(x, E) = αu1(x, E) + βu2(x, E)

where we have explicitly indicated the the energy dependence of solutions. The

requirements imposed on solution may, or may not, further restrict the number of

solutions.

It must also be remembered that changing the over all normalization does not

lead to a new physical solution (Postulate #1), therefore general solution has only

one arbitrary constant.

As a summary we have the following possibilities.

1. No restriction on the number of solutions and we continue have two linearly

independent solutions. This leads to doubly degenerate and continuous energy

eigenvalues.

2. There is only one restriction giving a only one independent solution. In this

one of the constant gets determined and one is led to non-degenerate and

continuous energy eigenvalues.

3. There are two independent restrictions on the unknown constants, in this

The equations determining the arbitrary constants are homogeneous in the
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unknowns and have the form

X̂

(
α

β

)
= 0,

where X̂ is a 2 × 2 matrix. Hence the solutions can exist only when the

determinant of the coefficient matrix is zero. This leads to a condition on the

energy values for which solution may be found. Thus in this case the energy

is quantized.

Postponing a detailed discussion, we summarise a few important thumb rules

about quantization, degeneracy and non-degeneracy of energy values. Though there

are exceptions to these rules, they are valid for the cases of interest in our lectures.

Let Vm denote the absolute minimum of the potential V (x), i.e. Vm ≤ V (x), ∀x.

Denoting the asymptotic values of the potential V (x) as x → ±∞ by V±, it should

be noted that

1. Energy must must be greater than the minimum value Vm.

2. If the bound states exist, their energies are quantized and must be less than

both V±, in addition to being greater than Vm.

3. For energies greater than V−, or greater than V+, bound state solutions can

not be found and there in no quantisation of energy.

A detailed discussion of nature and properties of solutions will be taken up

separately.
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