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The classical Hamiltonian for a free particle in one dimension is

Hcl =
p2

2m
. (1)

The corresponding operator Ĥ in coordinate representation is given by

Ĥ =
1

2m

d2

dx2
(2)

and the energy eigenvalue equation reads

−
~
2

2m

d2ψ

dx2
= Eψ(x). (3)

For E > 0, we define k by k2 = 2mE/~2 and write the eigenvalue equation as

d2ψ(x)

dx2
+ k2ψ(x) = 0 (4)

and its most general solution is given by

ψk(x) = Aeikx +Be−ikx, k =

√

2mE

~2
(5)

Here A,B are complex constants. There is no restriction on k and hence all positive

energies are allowed. For each value of energy there are two solutions

ψk(x) = eikx, e−ikx (6)

which correspond to momentum eignevalues ~k,−~k and represent the particle mov-

ing to the right and left, respectively.
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It must be noted that two linearly independent eigenvectors of energy can be

written in several ways. A particularly interesting form of solutions is

ψ(x) = sin kx, cos kx. (7)

In contrast with solutions in (??) , the above solutions are not eigenfunctions of

momentum.

No solution exists for E < 0. We shall now show that the energy eigenvalue

problem has no solution for E < 0. For E < 0, we define α2 = −2mE

~2
= 2m|E|

~2
and

rewrite the differential equation (??) in the form

d2ψ

dx2
− α2ψ(x) = 0, (8)

which has most general solution

ψ(x) = Aeαx +Be−αx, α =

√

2m|E|

~2
(9)

In order that the eigenfunction does not blow up for x → ∞, we must demand

A = 0. Similarly, demanding that the solution remains finite as x → −∞ gives

B = 0. These values together imply that the free particle wave function vanishes

everywhere. This does not represent a physical state and is therefore unacceptable.

Thus we arrive at the conclusion that E < 0 is not possible.

Normalisation For E > 0 the eigenfunctions are not square integrable and hence

cannot be normalized. For solutions of eigenvalue problem for continuous eigenvalue

one generally uses delta function normalization which for the present case reads
∫ ∞

−∞

ψ∗
E1
(x)ψE2

(x) dx = δ(E1 − E2), (10)

Free particle in two and three dimensions The free particle solution in three

dimensions corresponding to energy eigenvalue E are given by

uE(x, y) = N exp(ik1x+ ik2y + ik3z) (11)

where

E =
~
2k2

2m
, k2 = k2

i
+ k2

2
+ k2

3
(12)

and k1, k2, k3 are otherwise arbitrary. If we write k̂ = kn̂, where n̂ is aunit vector,

the solution uE(x, y, z) can be written as

uE(x, y, z) = N exp(i~k · ~r) = N exp(ikn̂ · ~r). (13)
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These energy eigenfunctions are also eigenfunctions of momentum operator with

eigenvalue ~~k. For a fixed energy there are infinite number of solutions, one corre-

sponding to each direction of momentum.

One can impose a delta function normalisation or periodic boundary conditions

with box normalisation on the free particle eigenfunctions. Similar results hold for

a free particle in two dimensions.
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