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In this lecture we shall discuss the interactions to the lowest order in perturbation theory,

how matrix element for a process is computed and what all is needed for computing the cross

section and life times.

Main reference for this lecture is Chapter 5 of Gasiorowicz [?].

The transition probability is computed by computing the matrix element 〈f |S|i〉 of the S-

matrix. In actual case, the perturbation expansion in interaction picture

S = T exp
(

− i

∫ ∞

−∞

H int
I (x)d4x

)

(1)

is an infinite series. We need to identify which terms will vanish and which terms are likely to

contribute. The time ordered product needs to be expanded in terms of normal product. Wick’s

theorem (to be done later) gives a systematic scheme to rewrite the time ordered products in

terms of sums of terms, each having normal products of operators multiplied with ordinary

functions of all space time integration variables xk, k = 1, 2, .... I will now give some tips to

identify the form of normal product of field operators that is likely to contribute.

∗Some chapters, that were prerequisites, have been included in lecture notes for completeness.

†
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§1 Positive and negative frequency parts

Suppose we have a real scalar field φ(x). Its expansion in terms of creation and annihilation

operators is as follows.

φ(x) =

∫

d3q

2ωq

( e−iqx

(2π)3/2
a(q) +

eiqx

(2π)3/2
a†(q)

)

ωq =
√

~q2 +m2. (2)

The exponential, in the first term, is e−iqx = e(−iωqt+i~q·~x) and this term will be called the negative

frequency part of the field operator. The second term has the exponential eiqx = e(iωqt−i~q·~x) and

is called the positive frequency part of the field φ(x). We write

φ(x) = φ(−)(x) + φ(+)(x) (3)

where

φ(−)(x) =

∫

d3q

2ωq

e−iqx

(2π)3/2
a(q), φ(+)(x) =

∫

d3q

2ωq

eiqx

(2π)3/2
a†(q). (4)

A spin zero boson A, which is its own antiparticle (Ā = A), is described by a real scalar field

φ(x)A.

Real Scalar Field

Part Field Action

-ve freq part φ
(−)
A (x) destroys particle A

+ve freq part φ
(+)
A (x) creates particle A

Full field φ(x) creates and destroys A

A complex scalar field, φ
B
(x) describes a particle which is different from its antiparticle B 6= B̄.

The plane wave expansion for a complex scalar field is given by

φ(x) =

∫

d3q

2ωq

( e−iqx

(2π)3/2
a(q) +

eiqx

(2π)3/2
b†(q)

)

ωq =
√

~q2 +m2 (5)

φ†(x) =

∫

d3q

2ωq

( eiqx

(2π)3/2
a†(q) +

e−iqx

(2π)3/2
b(q)

)

ωq =
√

~q2 +m2 (6)
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IMPORTANT

Use the blank space in the right side to do small

calculations book. Also, as you are reading the

lecture notes, you may note down typos, mistakes if

any in these notes, your doubts, and questions that

may come to your mind.

You can contribute to the Proofs programme by sending

a scanned copy, or the original, with your questions,

comments, and suggestions etc. All the contributions

will be gratefully acknowledged.

3



Complex Scalar Field

Part Field action

-ve freq part φ(−)
B

(x) destroys particle B

+ve freq part φ(+)
B

(x) creates antiparticle B̄

+ve freq part (φ(−)
B

(x))† = φ
†(+)
B

(x) creates particle B

-ve freq part (φ(+)
B

(x))† = φ
†(−)
B

(x) destroys antiparticle Ā

Full field φ
B
(x) destroys B& creates B̄

φ∗
B
(x) creates B & destroys B̄

φ(−)(x) =

∫

d3q

2ωq

e−iqx

(2π)3/2
a(q), φ(+)(x) =

∫

d3q

2ωq

eiqx

(2π)3/2
b†(q). (7)

φ†(−)(x) =

∫

d3q

2ωq

e−iqx

(2π)3/2
b(q). φ†(+)(x) =

∫

d3q

2ωq

eiqx

(2π)3/2
a†(q), (8)
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Let us record similar observations about Dirac field. The plane wave expansion of the Dirac

field in notation of Gasiorowicz is

ψ(x) =
1

(2π)3/2

∑

r

∫

d3

Ep/M

[

a(r)(p)u(r)(p)e−iPx + b(r)
†

(p)v(r)(p)eipx
]

ψ̄(x) =
1

(2π)3/2

∑

r

∫

d3

Ep/M

[

b(r)(p)ū(r)(p)e−ipx + a(r)
†

(p)ū(r)(p)eipx
]

(9)

Assume that ψ(x) denotes the Dirac field for an electron.

Dirac Field

Part Field action

negative freq part ψ(−)(x) destroys e−

positive freq part ψ(+)(x) creates e+

conjugate of -ve freq part ψ(−)(x) = ψ̄ (+)(x) creates e−

conjugate of + ve freq part ψ(+)(x) = ψ̄ (−)(x) destroys e+

Full field ψ(x) destroys e−& creates e+

ψ(x) creates e− & destroys e+
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§2 An example

Remembering the role of positive and negative frequency parts, it is easy to write the form of

normal product of operators that is likely to contribute to a given process. For example, for the

decay of Λo hyperon into a proton and a pion

Λo −→ p+ π− (10)

We need to ’destroy’ particles in initial state |i〉 and create the outgoing particles in the final

state |f〉. Therefore we must have

• a field ψ
(−)
Λ (x) which will destroy the Λ particle in the initial state.

• a field ψ
(+)
p (x) which creates an outgoing proton of the final state

• a field φ
(−)†
π (x), conjugate of negative frequency part of φ(−)(x)π to create the outgoing

negative pion.

Thus required form of normal product will involve the fields

ψ
(−)
Λ (x), ψ

(+)
p (x), φ(−)†

π (x). (11)

✍ Note that in relativistic theories the particle

and anti particles appear as two manifestations single

wave field and the full field must be used to write

interactions.

A moment’s reflection will show that several process other than (10), will also require presence

of above pieces of operators, (11), in interaction Hamiltonian. Some examples are

p −→ Λ + π− (12)

p+ π+ −→ Λ̄0 (13)

p+ π− −→ Λ0 (14)
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Quiz for you
The interaction of a complex scalar boson C and two spin half fermions A,B is given

by

L
int = gψ̄

B
(x)

(

α+ iβγ5
)

ψ
A
φ

C
(x) + h.c.

Which of the following processes are allowed in the first order in the interaction?

The process may be virtual or real so ignore requirements of energy momentum conservation.

C −→ A+B (1)

C −→ A+ B̄ (2)

C −→ Ā+B (3)

A+ C −→ B (4)

C̄ +B −→ Ā (5)

Ā+B −→ C (6)

Not every such process will be a real process occurring, due to requirements of conservation of

energy, momentum etc.. Such processes can occur only in intermediate steps as virtual processes.

* Ignore requirements of energy momentum conservation
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Lorentz Invariance With the above discussion in mind, we now continue with our an ex-

ample of (10). We want to write the interaction Hamiltonian that will contribute to the process

An infinite number of terms in the exponential series in the right hand side of Eq.(1) will

contribute to a given process. In special cases the first term —
∫

d4xH int
I (x) — itself may give

a nonzero contribution to the required transition amplitude. In this case H int itself must be

product of just right set of field operators.

A complete statement about the interaction Hamiltonian must take into account of Lorentz

invariance and other known symmetry requirements 1. Here, for simplicity, we will ignore

symmetries other than Lorentz invariance. Several Lorentz invariant forms can be constructed

out of the three fields ψΛ, ψp, φπ− . An example is

H int = gψ̄p(x)
(

α+ iβγ5
)

ψΛ(x)φπ(x) + h.c. (15)

✍ If a process is permitted, and if one (or more)

of the particles from initial (or final) state is

removed and its antiparticle is added in the final

(or initial state), then either both processes are

allowed, or else both processes are not allowed.

1other requirements, for example, could be parity time, charge conjugation, time reversal invariance.

8



Here g, α, β are constants and h.c., denoting the hermitian conjugate, has been added so

that the entire term is a hermitian operator. Expanding the h.c. part and assuming α, β, g, in

(15), to be real we would have

H int = gψ̄p(x)(α + iβγ5)ψΛ(x)φπ(x) + gψ̄Λ(x)(α + iβγ5)ψp(x)φ
†
π(x). (16)

In order to construct Lorentz transformation properties of expressions constructed out of a

given set of fields.

Field Exprssion Lorentz Transformation

Spin zero φ(x) Scalar (or pseudoscalar)
∂µφ(x) four vector
∂µ∂νφ(x) second rank tensor

Spin half ψ̄(x)ψ(x) Scalar
ψ̄(x)γµψ(x) Four vector
ψ̄(x)σµνψ(x) Tensor (rank 2)
ψ̄(x)iσµνγ5ψ(x) Pseudo tensor
ψ̄(x)γµγ5ψ(x) Pseudovector
ψ̄(x)iγ5ψ(x) Pseudoscalar

Lorentz invariant expressions can be written down by pairing and contracting Lorentz indices

using the metric tensor gµν . So (16) gives one possible form of Lorentz invariant interaction

Lagrangian for Λo decay. This Lagrangian describes possible several other (virtual) processes

such as Λo −→ p̄+ π+ and p −→ Λo + π+ etc.
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Question For You

Question 1

For the muon decay

µ− −→ e− + ν + ν̄

write at least two Lorentz invariant expressions of

normal product of operators which will have nonzero

matrix element for the decay process.
It must be kept in mind that Lorentz invariance is not the only requirement that must

be met. In general, there will be other constraints such parity, time reversal, charge conjuga-

tion,conservation of internal quantum numbers such as isospin etc. In this lecture, we will not

check these other requirements.

Helpful Tips

• Consider processes (P1) –(P3)

(P1) A+B −→ C +D (17)

(P2) C +D −→ A+B (18)

(P3) C̄ + D̄ −→ Ā+ B̄. (19)

Given an an interaction term, the processes (P1), (P2) and P(3) are all possible, or not

possible by requirements of Lorentz invariance. and hermiticity of Lagrangian. Note that

P (3) is obtained by charge conjugation and time reversal.
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§3 Interactions of photons

For photons we will have to introduce the vector potential Aµ(x) and we have the interaction of

electrons and photons given by

Lint = eψ̄(x)γµψ(x)A
µ(x). (20)

The S- matrix will be given by the time ordered exponential

S = T exp(i

∫ ∞

−∞

d4xLint(x)) (21)

= 1 + i

∫ ∞

−∞

d4xLint(x) + i

∞x

−∞

d4x d4yT
(

Lint(x)Lint(y)
)

+ · · · (22)

The first term in the expansion, (20), gives rise to several virtual processes such as

e± −→ e± + γ (23)

e± + γ −→ e± (24)

e− + e− −→ γ (25)

γ −→ e− + e−. (26)
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Questions For You

Question 2
How do you include the interaction of a charged

particle with electromagnetic field

(a) in classical mechanics?

(b) in non relativistic Schrodinger wave mechanics?

(c) for a spin zero charged particle?

(d) for a particle obeying Dirac equation?

Need not write any equation, give the prescription only.

Question 3

What process, other than electron electron scattering,

will get contribution from the normal ordered term in

(27)?
]

Other processes of interest arise out of Wick expansion of the second order term into sum of

parts having normal ordered products. These processes are electron positron annihillation into

two photons, Möller scattering, Bhabha scattering etc. One such term is of the form

x
d4x d4y : ¯ψ(x)γµψ(x) ¯ψ(y)γνψ(y) : Dµν(x− y) (27)

where Dµν(x− y) is a function of x− y not containing any operator.

This includes,for example, Moller scatering and the corresponding Feynman diagrams are

shown below.
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Fig. 1
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§4 Matrix element

Physically observable quantities such as decay rates and cross sections are calculated in terms

of the matrix elements mfi defined by

〈f |S|i〉 = δfi + (2π4)δ(4)
(

∑

i

qi −
∑

f

qf

)

mfi. (28)

We now address the question of writing the general of Lorentz invariant matrix element for

a given process i −→ f .

Spin zero particle decay into fermion anti-fermion pair As an example, we consider

the process of a scalar particle χ decaying into a fermion anti fermion pair.

χ (q) −→ f (p1) + f̄ (p2). (29)

The rules of writing Lorentz invariant form of matrix elements are the similar to that de-

scribed in §2, except that now instead of field operators one must write appropriate free particle

wave functions.

For every particle in the initial or final state one must include its wave function as described

in the tables given below.
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Complex scalar field

Part Field Wave function

φ(x) destroys particle B
e−iqx

(2π)3/2

creates antiparticle B̄
eiqx

(2π)3/2

φ∗(x) creates particle B
eiqx

(2π)3/2

destroys antiparticle B̄
e−iqx

(2π)3/2

where q is the momentum of the concerned (anti) particle.

Dirac particles

Field action Wave function

ψ(x) destroys particle A
1

(2π)3/2
u(p)eipx

creates antiparticle Ā
1

(2π)3/2
v(p)e−ipx

ψ̄(x) creates particle A
1

(2π)3/2
ū(p) eipx

ψ̄(x) destroys antiparticle Ā
1

(2π)3/2
v̄(p) e−ipx
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We can use the Dirac spinors to construct scalar and pseudoscalars such as

ū(p1)v(p2), ū(p1)γ5v(p2), (30)

In this case we have the following four vectors available to us ( Is this all?)

ū(p1)γµv(p2), ū(p1)γµγ5v(p2), (31)

In addition to the three momentum four vectors, qµ, p1µp2µ are available. However, energy

momentum conservation q = p1 + p2 gives a relation among them. Thus only two of these are

independent, which we take to be p1, p2.

The scalar products of available four vectors give Lorentz invariants. For example we have

p1µ ū(p1)γ
µv(p2), p2µ ū(p1)γ

µv(p2), (32)

and more. Some of these expressions can be simplified by making use of Dirac equation. For

example, we have

p2µū(p1)γ
µv(p2) = ū(p1)p2v(p2) (33)

= −mū(p1)v(p2) used p+m)v(p) = 0. (34)

Making use of Dirac equation leaves us with the Lorentz invariant ū(p1)(A+Bγ5)v(p2). The S

matrix element contains space time integrals
∫

d4x,
s
dxd4y etc. as in Eq.(22). The exponential

factors, after integrations over space space time variables, give rise to over all energy momentum

Dirac delta function. Thus the final form of the matrix element for this process is

mfi =
g

(2π)9/2
× ū(p1)(A+Bγ5)v(p2) (35)
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Questions For You

Exercise 1
Use the interaction term Lint = gψ̄(x)(A + Bγ5)ψ(x) to

compute mfi. and verify (35)

Question 4
Simplify ū(p1)σ

µνv(p2) p1µp2ν ; ū(p1)σ
µνqµqµv(p2); where

σµν = [γµ, γν ]
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Pion nucleon scattering: Writing the matrix element for scattering process involving a

boson and a fermion will be very similar exercise. Consider for example π−p scattering

π−(k1) + p(p1) −→ π−(k2) +N(p2) (36)

The general rules discussed in the previous remains the same except that now three independent

momentum four vectors are available. This means that there is possibility of writing more

invariants. Simplest form of Lorentz invariant parity conserving matrix element is

mfi = g ū(p2)γ5u(p1). (37)

Other invariants will involve powers of momenta. It may be remarked that these terms will not

be important at low energies and the (37) will be a good approximation.
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Exercise For You

Exercise 2

Construct all possible Lorentz invariants for the

matrix element of pion nucleon scattering. The

coefficients of different terms can be functions

of invariants constructed out of momenta. How many

independent Lorentz invariants can be constructed out

of momenta alone?

Exercise 3

Assuming the pion nucleon scattering matrix element to

be given by (37), find an expression for the scattering

cross section in reference frame in which the center

of mass is at rest. Express your result in terms

of the center of mass scattering angle θ, and total

energy, W, in the centre of mass frame.

Note:-

• Answers to the questions are given at the end.

• Solutions to exercises are planned to be provided

separately. But before ask for solutions, you

should give them a try and show me what all you

have tried.
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Selected Answers

Quiz on page 6

[1] (1) Not allowed,

(2) Not Allowed

(3) Allowed

(4) Not Allowed

(5) Not Allowed

(6) Allowed

Answers to Questions

[1] Gψ̄e(x)ψ(ν) ψ̄νψµ(x) + h.c.

Gψ̄e(x)γ5ψ(ν) ψ̄νγ5ψµ(x) + h.c.

Many more Lorentz invariant terms can be written down.

[2] (a) Replace ~p by ~p− e ~A(~x) in free particle Hamiltonian and add eφ(~x)

(b) Replace derivative ∇ by ∇ − ie ~A in the Schrodinger equation for free particle and

add eφ(x) to the Hamiltonian.

(c) Replace derivative ∇ by ∇− ie ~A in the Klein Gordon equation for free particle and

add eφ(x) to the Hamiltonian.

(d) Replace derivative ∇ by ∇ − ie ~A in the free particle Dirac equation,and add eφ(x)

to the Dirac Hamiltonian.

[3] (i) Electron positron scattering

(ii) Positron positron scattering

[4] First term simplifies to

ū(p1)[/p1, /p2]v(p2) = ū(p1)1/p2/p2 · 2p1 · p2v(p2) (38)

= (m2 − 2p1 · p2)ū(p1)v(p2) (39)

The second term simplifies to zero.
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