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This lecture was primarily used for discussions and

clarifying students’ doubts.
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Dialogues

[T]:= So will any one of you please summarise all the steps we
have discussed so far in quantising the Dirac field? Or a
scalar field?

[S]:= φ is described by creation and annihilation operators.

[T]:= What is the first thing you would start with. Please say it
in correct order.

[S]:= Expand φ(x, t) in terms of plane wave solutions.

[T]:= No. What is φ? First thing is to specify the system you
want to quantise.
Either you have to start from equation or from Lagrangian.
If you start from equation of motion, you should get the
Lagrangian (density).

[T]:= If you have free particle, then only plane waves come into
picture. Most of the time you start with free particle as a
simplest case.

[T]:= Remember plane wave solutions are important because,
eventually you will use interaction picture. In the interac-
tion picture the field operators evolve like free fields.

[T]:= What is interaction picture? In the interaction picture the
states evolve with interaction Hamiltonian and operator like
free particle operators. So field operators satisfy free particle
equation, That is why this expansion in terms of free particle
solutions is used.

If you are not working in interaction picture, the expansion
in terms of free particle solutions will be useless.
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Dialogues

[T]:= We have specified a system and we start with the free
particle equation for the chosen system. What next ?

[S]:= Write Equal time commutation relations.

[T]:= ETCR between a field and corresponding canonical momen-
tum. So we must have canonical momenta, For this we
should write the Lagrangian for the system.

So let us continue we write the field operators in terms of plane wave solutions. This step

is like a change of variables. Instead of the field operators, we work with the corresponding

coefficients, a, a†, .... And why do we make this change of variables? Remember that in field

theory the field operator does not have a direct physical interpretation. The Fourier expansion

coefficients will become operators, and will eventually have the interpretation of creation and

annihilation operators.

In quantum mechanics, the wave function has interpretation of probability amplitude for

position, but in field theory nothing like that is available to us.

If the field is not a free field, we may have to expand in terms of some other complete set

of solutions, like we did in case of second quantisation of Schrodinger field in some external

potential V (x). The corresponding expansion coefficients had the interpretation of creating or

destroying particle in the ground state or an excited state.

Once we have the creation and destruction operators, then we proceed to construct the

number operators, only then we get the particle interpretation.
Dialogues

[S]:= But Why expansion in plane waves?

[T]:= This is something that has not been discussed explic-
itly.When we are quantising free particle, expansion in
terms of free particle solution, and not some other func-
tions, is the obvious thing to do.

But what happens when we

interacting particles? Is an expansion in terms of free particle solutions useful? This is something

that is hidden; it is not brought to the foreground that eventually we want to discuss and use

perturbation theory in the interaction picture. There the fields satisfy free particle equation. So

it is fine, and useful, to expand in terms of free particle solutions.

If we are not interested in interaction picture perturbation theory, we will proceed differently.
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Let us summarise the approach we have followed for Schrodinger and Klein Gordon fields.

§1 Summary so far:

First steps Free particle equation; Set up Lagrangian; Get canonical momentum ; Write

canonical equal time commutation ( or (anticommutation) relations; Work with the creation

and annihilation operators in place of fields themselves. We have completed upto this point so

far.

Once you have done all this and reached here, the next step will be to introduce the number

operators and construct the Hilbert space. This is because these number operators form a

commuting set of (hermitian) operators. Therefore, their simultaneous eigenvectors form basis

and the linear span give the Hilbert space.

Like the cases of Schrodinger and Klein Gordon equation, we have already discussed earlier,

the basis states are eigen states of number operators and correspond to multiparticle states in

the Dirac case also. Such a state has several particles and each particle has a definite value of

momentum and spin.

§2 Conservation of Number Operators

The discussion in this section is prompted by questions from students.
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Dialogues

[S]:= When will the number of particles remain constant?

[T]:= If the number operators commute with Hamiltonian, the
number of particles will remain constant. Here

Particle number = Number of particles - number of anti
particles. and number of particles means N r(~k) summed
over all possible spins (r) and over all values of momenta ~k.

• Also if we want conservation of some particle number, the
particle and antiparticle should be different. If in some case,
for example the neutral pion, the particle and antiparticles
are the same, the for example two particle can annihilate and
disappear. In this case there is no conservation of particle
number.

Let us now come to the question, “How can we check if number operator is a constant of

motion?” The connection between the conservation laws and form of the Lagrangian is provided

by Noether’s theorem. If the Lagrangian is invariant under such a transformation, the total

number operator will be conserved. The number of particle minus number of anti particles will

remain constant in every process. In mathematical terms,

N =
∑

r

∫

d3k
{

N r(~k)− N̄ r(~k)
}

will commute with the Hamiltonian and will be a constant of motion. Here N r(~k) denotes

number operator for particle with momentum ~k and spin r and N̄ r(~k) is the corresponding

number operator for anti-particles.

This is like electric charge conservation, total electric charge is equal to sum of all positive

charges minus sum of all negative charges.

In general, similar statement will hold for quantum numbers like the baryon number or the

lepton number.

As an example of number conservation, recall the discussion of Schrodinger field. The La-

grangian

L = iψ̇∗ψ −
( 1

2m
(∇ψ)∗(∇ψ) + ψ∗(~r, t)V (~r)ψ(~r, t)

)
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is invariant under the transformations

ψ(~x, t) → eiαψ(~r, t), ψ∗(~r, t) → e−iαψ∗(~r, t).

There we have seen that the total number operator is a constant of motion.

For a real scalar field a similar transformation does not make sense and there is no conser-

vation law for particle number.

In a relativistic theory Conservation law for number of particle should always be understood

in a generalised sense of conservation of

N = Number of particles - Number of anti-particles.

In general, similar statement will hold for quantum numbers like the baryon number or the

lepton number.

The wave function ψ(~x, t) has probabilistic interpretation first given by Max Born. “What

about the field operator in the second quantised theory?” is a question asked by one of the

students.

Physical Interpretation of Fields?

Dialogues

[S]:= What is the physical interpretation of fields?

[T]:= There is no physical interpretation of the field operators
for a second quantised theory. Here physical interpretation
comes in the end as the last step.

We will take up the issue of

physical interpretation a little later. We must first fix and complete quantisation of Dirac

particle.
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§3 We need anticommutators for fermions

We now come to the last step and continue our discussion of quantisation of fields. So far in all

the cases,1 we found the the number operators N (r)(~k) form a pair wise commuting hermitian

operators. So they will have simultaneous eigenvectors and the set of all these eigenvectors from

a basis. This gives you the Hilbert states of all states as linear span of this basis.

This should be compared with quantum mechanics where the wave function has a physical

interpretation in terms of probability density and probability current. Corresponding interpre-

tation for the second quantised theory is absent. Connection with physics comes only in the end

after you have found commuting set of operators.

Let us get back to Dirac equation. I wish to draw your attention to something very impor-

tant. We know that Dirac equation describes spin half particles How is spin of a particle

determined? which obey Pauli principle, we cannot have two fermions with the same spin and

momentum values. Therefore, the eigenvalues of each number operator, N (r)(~k) corresponding

to spin r = 1, 2 (spin up or down) and momentum ~k must be zero or one only. This will be

ensured only if the equal time anti-commutation relations are used.This means we should write

[ψ(~x, t), π(~x ′, t])]+ = iδ(~r − ~r′)

Use of anticommutation relations solves some other problems too. Consider the Dirac Hamil-

tonian for the classical fields expressed in terms of expansion coefficients a(r)(~k) and b(r)(~k) etc.

Using the expansions

ψ(x) =
1

(2π)3/2

∑

r

∫

d3k

Ep/M

{

a(r)(~p)u(r)(~p) e−ip.x + b(r)†(~p) v(r)(~p) eip.x
}

ψ̄(x) =
1

(2π)3/2

∑

r

∫

d3k

Ep/M

{

b(r)(~p) v̄(r)(~p) e−ip.x + a(r)†(~p) v(r)(~p) eip.x
}

(1)

we would get

H =

∫

d4xψ(x)∗
{

− i~α · ∇+ βM
}

ψ(x) (2)

=

∫

d3p

Ep/M

{

Ep a
(r)†(~p) a(r)(~p) [red]- Epb

(r)(~p) b(r)† (~p)
}

Verify! (3)

1Schrodinger field, Klein Gordon field and Dirac field
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Question:- Why does Gasiorowicz keep using
∫ d3p

Ep/M
etc. and

not just
∫

d3p for integrations over momenta.

The last expression (3) is seen to be a difference of two positive terms, each having values

running from 0 to ∞. Therefore, Hamiltonian can take arbitrarily large negative values. OKay??

This is physically unacceptable because in presence of interactions, the system can keep loosing

energy by going to the lower and lower energy states.

Recall :-

This problem does not exist for the Klein Gordon case where

the Hamiltonian written in terms of coefficients in plane

wave expansion assumes the form

H =

∫

dq

2ωq

{

ωqA
†(q)A(q) [red]+ ωqB(q)B†(q)

}

(4)

and is positive definite.

Now see how the use of anticommutation relations solves the problem of Hamiltonian not being

positive definite. The equal time anti-commutation relations with πα(x) = ψ̄α(x) we have the

anti-commutation relations

[

ψα(~x, t), ψβ(~y, t)
]

+
= 0,

[

ψ†
α(~x, t), ψ

†
β(~y, t)

]

+
= 0, (5)

[

ψα(~x, t), ψ
†
β(~y, t)

]

+
= δαβδ(~x − ~y). (6)

The above anticommutation relations translate into the following anticommutation relations for

the momentum space wave functions

[

a(r)(p), a(s)†(q)
]

+
=

[

b(r)(p), b(s)†(q)
]

+
= δrs

Ep

M
δ(~p − ~q). (7)

All other pairs of momentum space operators anticommute at equal times:

[

a(r)(~p), a(s)(q)
]

+
=

[

a(r)†(~p), a(s)†(q)
]

+
= 0,

[

b(r)(~p), b(s)(q)
]

+
=

[

b(r)†(~p), b(s)†(q)
]

+
= 0,

[

a(r)(~p), b(s)(q)
]

+
=

[

a(r)(~p), b(s)†(q)
]

+
= 0,

[

a(r)
†

(~p), b(s)(q)
]

+
=

[

a(r)†(~p), b(s)†(q)
]

+
= 0. (8)
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Food for Thought:- Many books will follow a notation

which will not have Ep/M factor in the right hand side

of Eq.(7).So why does Gasiorowicz use this notation? Is

there a reason?

The expression (3) written in terms of the number density operators, defined by

N (r)(~p) =
(M

Ep

)

a(r)†(p)a(r)(p), N̄ (r)(~p) =
(M

Ep

)

b(r)†(p)b(r)(p), (9)

becomes

H =

∫

d3p
{

N (r)(~p)Ep [red]+ N̄ (r)(~p)Ep + . . .
}

(10)

where . . . stand for an infinite additive constant which is subtracted positive definite. Note

that the use of commutators, in place of anti commutators, would not have solved the problem.

In a manner similar to that for Klein Gordon field, a†, b† have interpretation of creation

operators for particles and antiparticles and a, b are the corresponding destruction operators.

Do-you-need-more-details?

§4 Pauli principle and Physical interpretation

The number operators N and N̄ form a complete commuting set of operators. Their simul-

taneous eignevctors will form a basis. The space spanned by this simultaneous eigenvectors is

the Hilbert space of states. This space is also known as the Fock space, the Fock space is the

space in which the states are specified by giving the number for particles and their spin and

momentum values.

In contrast to the Klein Gordon case the number density operators, N , N̄ have eigenvalues

0 and 1. Therefore use of anticommutation relations leads to the fact that two particles cannot

occupy the same state, i.e. they cannot have the same values for all the three components of

momentum and spin. This is most transparent from the second relation in (8) which implies that

a(r)†(p)a(r)†(p) vanishes. Therefore a two particle state a(r)†(p)a(r)†(p)|0〉, with both particles

having the same momentum and spin, will vanish. This is because squares of every creation

operators is zero.
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Dialogues

[S]:= Do we have square of a† or should we have dagger of a2?

[T]:= It does not matter which way we write, the two expression
(a†)2 and (a2)† are the same.

[S]:= Square becomes zero, It means that spin and momentum
labels are the same. What happens is they are different?

[T]:= When some index is different we get two particle state. So
for example

a(r)†(q)a(r)†(p)|0〉

is a two particle state having same spin but different
momenta ~p and ~q.

The corresponding two particle wave function will be antisymmetric under an exchange the

particles, as it should be for identical fermions.

In fact n particle wave functions will be properly antisymmetrised, as is needed for identical

fermions. Remember that this comes out automatically in the second quantised theory.

The properly symmetrised/ antisymmetrised wave functions also come automatically from

the second quantised Schrodinger field. In the first quantised theory, Schrodinger quantum

mechanics, this requirement is to be imposed from outside and is an extra assumption, known

as symmetrisation postulate.

By quantising free, Dirac and Klein Gordon fields, explicitly we saw that spin zero particles

are to be quantised with equal time commutators and spin half particles need to be quantised

with anticommutators. This a very general result and is known as spin statistics connection. The

spin statistics connection was first proved by Pauli and Luders using very general assumptions

of relativistic invariance, causality and requirements that Hamiltonian be positive definite and

hermitian,

Question For You:- What is two particle wave function,

if the particles have momenta p, q and spins r, s? Verify

that this wave function is antisymmetric under simultaneous

exchange, r ↔ s and p↔ q, of spins and momenta, .

Question: What is the use of expanding in plane waves? Why are we doing it?
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(a) This issue has been discussed in the beginning of the lecture. I will discuss it again.

(b) Mathematically speaking, we can always write a function as a Fourier transform and work

with Fourier transform.

(c) Remember that the starting point of second quantisation is that the state of a particle is

specified by values of wave function at each space point ~r. We, therefore, treat the value

of wave function for each point in space as a generalised coordinate. We have a system

with infinite generalised coordinates.

(d) Instead of using coordinate space wave description we can equally well use the momentum

space description. Then we would think of the momentum space wave function as spec-

ifying the state of the particle. This in turn will mean that we can also treat values of

momentum space wave function for each momentum as a generalised coordinate. This is

exactly what is happening when we use Fourier coefficients.

(e) You can, in principle, expand the wave function ψ(~r, t in terms of any complete set of

functions, ( say harmonic oscillator wave functions.) So which expansion do we actually

use?

(f) The expansion in terms of plane waves becomes useful when ψ(~r, t) obeys free particle

equation. This happens in two cases. First when we want to discuss second quantisation

of free particle case. Secondly, it will be useful if we plan to do perturbation theory in the

interaction picture.

(g) For working in the interaction picture we would write

H = H0 +H ′

and, usually, H0 will be the free particle Hamiltonian. In this case operators, including

the field operator ψ(~r, t), will obey free particle equation.

(h) So working with expansion in terms of solutions of free particle equation, Schrodinger or

Klein Gordon or Dirac equation, becomes very useful and convenient, if not absolutely

essential.
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§5 Fock Space

The Hilbert space of associated with a quantum field has states with arbitrary number of par-

ticles. So for example

• The vacuum is a state with no particle. It is characterised by the fact that action of every

destruction operator on the vacuum gives zero,i.e. a(~q)|0〉 = 0

• {a†(p)|0〉} is the set of all possible states of one particle with momenta ~p.

• {a†(q)a†(p)|0〉} is the set of all possible states two particles in which one particle has

momentum ~p and the other one has momentum ~q.

• Similarly, n particle states are described by applying n creation operators a†(~q1), a
†(~q2), . . . , a

†(~qn)

on the vacuum state.

The Hilbert space obtained in this fashion is set a tensor product of Hilbert spaces of no particle,

one particle ,..., multiparticle states. This Hilbert space has a name and is know as Fock space,

after the Russian physicist V. Fock.

§6 Microcausality and Commuting Operators

In non relativistic quantum mechanics two quantities can be measured simultaneously if the

corresponding operators commute. What is the corresponding statement in relativistic field

theory?

In relativity causality means that no signal can travel from one point to another point faster

than light. This means an event happening at x1 = (~x1, t1) cannot be affect or be cause of

another event x2 = (~x2, t2) if light cannot travel from ~x1 at time t1 to point ~x2 at time t2. When

this happens, we must have

(x1 − x2)
2 = (t1 − t2)

2 − (x1 − x2)
2 < 0

and we say that the four vector x1 − x2 is space like and that the two events x1, x2 have space

like separation.

Let us now consider the two events of measurement of observables A,B. If the measurements

are done so x1−x2 is a space like vector. then measurement of A should not affect measurement
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of B; also a measurement of B cannot affect the outcome of measurement of A. Therefore the

operators corresponding to observables must commute when the observables are taken at points

separated by space like distance.

For a real scalar field φ(x) is real and becomes hermitian operator in second quantised theory.

Thus the requirement of causality means that we must have

[φ(x), φ(y)] = 0

when x − y is a space like four vector. For the free Klein Gordon field this can be proved by

computing commutators at unequal times. (This will run parallel to a problem you have solved

in an assignment.)

For a Dirac particle, the Dirac field itself is not an observable. But bilinear hermitian

objects such as ψ̄(x)ψ(x) can be constructed which are hermitian. Now it can be proved that

these objects will commute for space like separations if we use the anti commutators to quantise

the Dirac field. So anti commutators lead to a theory which is consistent with requirements

of micro causality. So everything seems to fit in when we use commutators for bosons and

anticommutators for fermions.

However problems remain. There are infinities which come up when you do higher order

calculations of matrix elements for any process. We already encountered the problem of infinity

when we looked at the zero point energy, i.e. the energy of the vacuum. Physicists have found

ways of handling the infinities in a class of theories. At present only this class of theories, known

as renormalisable theories, seems to be relevant for physical applications. For example, the

standard model of strong electromagnetic and weak interactions belongs to this class.

We can take a break at this stage. After the break we continue from where we finished previous

lecture last week.

Question: Classical field is a number. It describes single particle. If we want to describe two

particle, do we must have two fields. If we have n particles will we have n fields?

(a) A classical field is not a single number or a single generalized coordinate. The moment

you say fields, you have infinite degrees of freedom.There is one generalised coordinate for

each space point x.
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(b) In classical mechanics when we want to describe two particles, let us two electrons we

introduce generalised coordinates and momenta for each electron. If we have a system of

n electrons then we need to have n coordinates and momenta (qk, pk), k = 1, . . . , n.

(c) In quantum mechanics, for one electron, the wave function is a function ,ψ(vecr, t), of

position of the electron. If we have n electrons, the wave function will depend on n

position vectors ~rk, k = 1, . . . , n.

(d) In nonrelativistic second quantized field theory of electrons, we will have only one field for

one type of particles. Whether we have a system of one electron or twenty electrons, we

will have only one field operator. There will be different field operators for different types

of particles.

(e) If we want to describe π decay

π −→ µ+ ν

we would need on field for the pion, one for the muon and one for neutrino.

(f) In addition, in a relativistic quantum field theory particles and anti particles are combined

and treated together as they were part of a ’single’ complex field. Field and its hermitian

adjoint describe teh particle and anti-particle. introduction of two separate fields is not

required and will create problems.

(g) So as an example, both the electron electron scattering (Moller scattering) and also the

electron positron scattering (Bhabha scattering) will require use of a single Dirac field.

This statement holds for all processes involving any number of electrons and positrons.

For actual computations we will need properties of solutions of Dirac equation and properties

of gamma matrices.If you have already done that part I will not derive any of the results needed

but give you a summary of what we need for calculation of cross sections and life times.
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