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UNIT-I

graphicx

81 Introduction

Spin of a particle can be defined as a new dynamical variables which is like angular
momentum and commutes with position and momentum of the particles. In this unit you
will learn about writing, interpreting and using spin wave function of a particle in variety
of situations.

The spin of a particle, like any other dynamical variable, can be represented by her-
mitian matrices. You will learn how to construct spin matrices, their properties and their

uses.

§2 Problem Solving Objectives
After reading this unit you should be able to

1. To construct spin operators for any spin. To learn some common properties of spin

operators.
2. To use information about spin state of a particle to obtain its spin wave function.
3. To use the wave function to derive specific information about the state of the system.

4. To obtain time development of spin systems.

83 Road map

It is important to revise the postulates of quantum mechanics and recall the properties of

Pauli matrices. These are reproduced in the two appendices. Revise and get started.

1. The properties of spin operators for a given spin, s, and their matrix representation
are obtained by using the commutation properties. The spin operators have the
same commutation relations as angular momentum operators. It will be very helpful
if you revise angular momentum. The most useful properties of spin operators are

listed below.

(a) The operator S2 commutes with each component of spin S;, S, and S.. The
operators 52 and any one component of spin have complete set of simultaneous

eigenvectors |sm):

S2|sm) = s(s 4+ 1)R%|sm),  S,|sm) = mh|sm) (1)



(b) For a particle of spin s the eigenvalues of S? are s(s + 1)h? and eigenvalues of
each of S;, Sy, S, are sh, (s —1)h, (s —2)h, ... —sh. The above statement is also
true of 7 - S for a unit vector . (See item # 3 below )

(c) The operators Sy = S, + S, act like raising and lowering operators for S,

values.

Silm) =+/s(s+1) —m(m=£1)hm=£1)

(d) The action of Sy on the highest spin projection state |m = s)and S_ on the

lowest spin projection state/m = —s), both, give zero.

2. The spin operators for a spin 1/2 particle are the Pauli matrices.

0 1 0 —i 1 0
9%=\1 0)> %%~ \i o) %7 \o -1)"

3. The eigenvalues of S? are s(s 4+ 1)h%. If f is a unit vector, for a fixed value s, the

operator 7 - S has (25 + 1) eigenvalues
shy(s = 1)h,...(—=s+ 1)h,—sh

from sh to —sh decreasing in steps of 1.

The set of eigenvalues of @ - S are obtained from the same set { sh, (s — 1)h, (s —

2)h, ... — sh} by multiplying by |a| = \/af + a3 + o2.

For solving problems in this unit an understanding of postulates of quantum mechanics is

crucial. The relevant parts are reproduced at the end.

84 Examples

Problem 1: Construct the spin matrices for a spin half particle in the basis in which S,
is diagonal.
Here it is useful to recall from vector spaces that in an orthonormal basis {|k), k =

1,2,..,n} the matrixz for an operator T in Dirac notation is given by

) )

Ty Q) ... QTR
ro e @R el )
(TN (mITf2) ... (n|Tn)

® Solution: For a spin % particle, the S, eigenvalues are %, fg. In the basis chosen S — z is diagonal

therefore it is straightforward to write the matrix for S,
h(1 O
.=t (0 _1) (3)
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Next we will need to recall

Si|m) = +/s(s+1) —m(m £ 1)hjm £ 1)

and use it for s = %,m: += to get

Stl3) =0 = (5|S+]3) =0, (—318+3)=0 (4)
Sel=H =18 = Glsid-H=1 (38~ =0 %)
(6)
Therefore, the matrix
(318+13)  (=318+13)
1 1 1 1 (7)
(z18¢1=3)  (5IS+]3)
for S+ becomes
h(0 1
S+=3 (0 0) ®)
The matrix for S_ is hermitian adjoint of Sy and hence we get
h (0 0O
5-=3 (1 0) ®)

The matrices for, Si, Sy, are therefore given by

S =§(S++S_) -

¢
(? _0’> (11)

To summarize we get the result that the spin % matrices are given by

Sy = gi,'(s-k -5 )=

Problem 2: Find the spin wave function for a spin % particle. It is given that spin

projection along the x- axis has a definite value
- b) ——
(2) (b)

® Solution: Since spin along the  axis has a definite value, the corresponding spin wave function will
(a) Thus the required wave function for //2 will be given by

be eigenfunction of S; = gaz.
w()=20)==()-0)=0)0)-0) o
2 \b b b 1 0/)\b b
a=b (13)
Using this we get normalized eigenfunction as x1 = % <1>
(b) Similarly, for spin projection S, equal to —h/2 we would get

()50 000906

. . . . . 1
Using this we get normalized eigenfunction as x2 = % <71>



Problem 3:  Spin wave function of a spin 3 L particle is given to be

¢) =

Ut =~ Ot W

(a) Find the ratio of probabilities that S, has values +h/2.

(b) Find the ratio of probabilities that S, has values £h/2.

(c) Compute the average value of spin projection along the direction (1,1,1).

® Solution:

Recall  If the system is in a state |¥), the probability of finding a value « for a dynamical

variable A is given by |(a|®)[>.

(a) The eigenvalues and eigenvectors of S. are

5 b= (p): 5 b= (})

Hence the corresponding probabilities are

P(+1/2) = |(alo)® ‘5\/2 :%
P(-1/2) = |<><2|<:5>|2:‘:?5—\+/24 =3

(b) The normalized eigenvectors of S, are given by

g, Ixi) = % G) ; 727 Ix2) = % <_11>

The corresponding probabilities are P(£1/2) are given by

P12 = Italol = [57] = 5
P12 = el = [55] =5

¢) The unit vector along the given direction is —=(1,1,1) and the projection of spin is
V3

h 1 /1 1-i
5“1_\/32("”‘+"”+"z)_%<1+i 71)

Therefore the average is given by

(S111) = (d5111]9)
-~ et 0 5 ()

_ 31h
50,/3

(16)

(20)

(21)



Problem 4: The interactiion Hamiltonian of a spin half particle, placed in magnetic
field along - axis. is given to be H = v.5,. If the spin of the particle points in the positive
z direction, what is the probability that the spin would have flipped after time t = 7 /27?7

©Solution: The initial state is given by | 1) = (1  0) and at time ¢ the state will be

x(t) = exp(—iHt/h)xo.

Now
e YR T Sat/h st — oy sin (25)
(e ) (26)
where the notation a = 4¢/2 and the identity
e?™% = cosOf + in - Gsin 0, 7, = unit vector

have been used. The required probability is absolute square of the amplitude

cos —isin o 1
(O 1) <7i sin « CoSs & ) (0) (27)

= —isina (28)

(I |cos al +isinao,| 1)

Therefore the probability of spin flip at time ¢ is sin®(yt/2) = 1/4.



§5  Exercise

qm-exe-20001

Spin Wave Function

[1] Find the spin wave function of a spin 1/2 particle with spin projection //2 along the
vector (3,4,0). Compute the probabilities of S, Sy and S, having value %/2.

[2] Spin wave function of a spin 1/2 particle is given to be

12
741410

(a) Find the ratio of probabilities that S, has values +5h/2.
(b) Find the ratio of probabilities that S, has values +5h/2.

C rite € operator 1or € Spin projection along a vector (a,0,c)! and compute
Write th tor for the spin projection along t b,c)? and t

the average value of the spin projection along (1,1,1).

(d) For the general case of S, = n - S , where n is a unit vector, prove that the

(non-normalized) eigenvectors of S,, can be written as

B (1emY, A1 (m—in )
2’ \/5 ni +ing )’ 2’ \/5 —1—-n3/)"°
1

[3] (a) For a spin 5 particle find the state vector when the physical state is given to
be the one having a sharp value of Sy equal to —h/2.

(b) If the Hamiltonian of the system is H = vS,, find wave function of the system
at time ¢ if the initial spin state at time ¢ = 0 is that given the first part of this

question.

4] The spin wave function of a spin 1 particle is given to be
1% pin 5 p g

- e cos &
X= \ePsing )
Determine the polar angles 0, ¢ corresponding to the direction n along which the
spin has a value . How do you interpret the result that the polar angles depend

2
only on the difference @ — 5 and not on « and [ separately?



§6  Exercise

qm-exe-20002

Spin Matrices

[1] In the basis in which S, is taken to be diagonal, show that the spin matrices for a

spin one particle are given by
0 —i 0 0

010 10
S, = 1L 101;53,:% i 0 —il; S.=h|l0 0 0
010 0 00 —1

Hint : A useful result

Si|m) = +/s(s+1) —m(m £ 1)hjm + 1)

[2] Use results of the previous problem to answer the following questions for a spin one

particle.

(a) What are the spin wave functions for the states in which S, will have values
h,0,—h?

(b) If the spin wave function is given by

12
X = 44
8 — 16

Find the probabilities that the x component of spin will have values
(i) A; (i) 0; (iii) —Ah.

[3] (a) Construct the spin matrices for spin 2 particles.

(b) Find the matrix for 52 and verify that it is a multiple of identity matrix.

(¢) What eigenvalues do you expect for S,? Check your answer by an explicit

computation of the eigenvalues using the matrices you have found.



87 Quiz
Spin Wave Functions and Operators

[1] What is the range of the eignevalues of S, + S, for a spin 4 nucleus?

(a) only 4 (b) only -4 (c) “4to+4 (d) —4y/2 to 44/2
[2] What is the number of components of spin wave function of a spin 3/2 particle?
(a) 2 (b) 3 (c) 4 (d) 6
[3] In an answer to a question a student calculated average value of S, for an electron
and found a value %\’}3 Then
(a) the answer may or may not be correct; it depends on the spin wave function.

(b) the answer is certainly wrong. In this case give a short explanation.

[4] The spin half matrices are known to obey relations ( in units h = 1)

S§? = Z[z, 4X% - I, =0,

where S? = S, + Sy+ 5., X = ﬁg, 7 is a unit vector, and I is 2 x 2 identity matrix.

Which of the following option gives the correct corresponding relations for spin 1

matrices
(a) ? =13,  X?—1I3=0; (b) S2=3I;,  X2—X =0;
(c) S?% = 2I3, X3 -X=0; (d) S? =2I3, X?2-X=0

where I3 is 3 x 3 identity matrix.

10



88 Questions

Spin Wave Functions

[1] For a spin half particle the spin wave function has two components. What is the

number of components of a spin g wave function?

[2] (a) The Pauli matrices satisfy relations
ol=1k=1,23

Assuming h = 1, what relation is implied for the spin matrices S1,52 and S3
for a spin % particle?

(b) The spin one matrices are known to obey
SP—Sp=0,k=1,2,3

Give a one line explanation of the above identities.

(c) What relation will be obeyed
(i) when spin is 27

(ii) when spin is has arbitrary value s?

[3] The quantum states of a spin % particle are represented by a two component column
vector with complex elements. Let n = (n1,n2,n3) be a unit vector, with n% + n% +

n3 = 1. Assume that n3 # 1 . Consider the following three vectors x1, x2, X3 :

. 1+n3 . 1—ng - ni + ino
X1 = ny — ino ) X2 = ny + ing ’ X3 = 1—7’L3

Which of the following statements is true?

(a) All the three vectors represent the same state
(b) All the three vectors represent different states.

(¢) Only two of the three vectors represent the same state and the third one rep-

resents a different state.
Give a short explanation of your answer.

[4] For a spin % particle the spin wave function is given to be

=307

Compute average of S, and uncertainty AS,. interpret the answer you obtain.

11



89 Mixed Bag

[1] For a spin % particle in arbitrary spin state, we can always find a direction along
which the spin points i.e. the projection of spin has value has the maximum possible

value % A similar statement for a higher spin particle will be

“Given a spin s particle in an arbitrary spin state, we can always find a direction along

which the spin projection has its maximum value sh.”

Explore if this statement is true or false.

[2] For a spin half particle with spin along the unit vector 7 compute the average value
of spin component along unit vector m. Can you explain the form of the expression
that you get?

12



UNIT-II

§10 Introduction

Let us recall the main results that are needed for a system of identical particles.The

symmetrization postulate states that

e For a system of two identical particles with integral spin bosons the total wave
function must be symmetric under simultaneous exchange of all the variables such
as the space and spin variables. For a system of two identical particles of half integral
spin fermions the full wave function must be anti-symmetric under a simultaneous

exchange of all the variables such as the space and spin variables.

If &1,& denote the set of all variables such as, space and spin, of two identical
particles. Then the symmetrization postulate states that the total wave function
¥(&€1,&2) must be symmetric for bosons and antisymmetric for fermions under an

exchange of & and &s.

V(€2,61) = +Y(&1,&2) ( bosons) (31)
V(€2,61) = —¥(&1,&2) ( fermions) (32)

e The symmetrization postulate for a system of n— identical particles states that the
total wave function must be symmetric simultaneous under exchange of variables &;

and & for every pair 7, k, if the particles are bosons and the relation

1/}(517' Jjooe 7&67"' 7§n) :+w(§17'§k7"' 7§j7"' 7§n) (33)

should hold for all pairs AK. Similarly, for a system of n— identical fermions the
total wave function must be anti-symmetric under simultaneous exchange of variables

&j, &k for every pair j, k

¢(£1,' jo agk,"' aén) = —7/)(51,‘&,‘“ agj"" aén) (34)
For a system of several identical bosons, the total wave function W(&q,--- ,&,) re-
mains unchanged under an arbitrary permutation of &1, - - - , &,; where as for fermions

the wave function remains unchanged under an even permutation but changes sign

under an odd permutations.

We now give some explanatory remarks on the symmetrization postulate.

1. The postulate is a statement about the full wave function of the system of identical
particles under a simultaneous exchange of all the variables. For example, there

is no constraint on the space part (or the spin part) of the wave function alone need.

13



2. For composite systems such those consisting of both bosons and fermions, the sym-
metry requirements hold for every pair of identical bosons and identical fermions

separately.

3. For a system consisting of several "particles’ which themselves could be bound state
of bosons and fermions the postulate applies with spin interpreted to mean the total

angular momentum at rest.

4. While for a system of two particles the symmetry property is restricted to symmetry
or antisymmetry alone, for a system of many identical particles theoretical consid-
erations allow existence of a variety of possibilities under permutation of variables.
These choices, known generally as 'para-statistics’, do not seem to play any role for

real physical systems.

Our discussion of the symmetrization postulate will be incomplete if we do not mention the
spin statistics connection, presented as a postulate, has been proved by Pauli and Luders
within the framework of relativistic quantum field theory under very general assumptions

such as relativistic invariance, micro causality and positivity of the Hamiltonian.

8§11 Problem Solving Objectives
This unit aims you to train you in the following problem solving skills.

1. You should be able to check and decide if a given properly symmetrized or antisym-

metrized or not.

2. Writing correctly symmetrized,or antisymmetrized, wave function for a system of

identical bosons or fermions.

3. Finding restrictions on orbital angular momentum, spin and parity of a system of

identical bosons or identical fermions.

4. Understanding precise statement of the symmterization postulate

§12 Roadmap

Here give two useful statements which will be needed repeatedly in this connection.

e When we add two, equal, angular momenta j the possible resulting values are J =
25,25 —1,---,0. Of these the state with the highest value, J = 2j, is symmetric
under an exchange of the two particles, the next one, with 2j — 1 is antisymmetric;
the states being alternately symmetric and antisymmetric as J takes on the values

in descending order.

14



e For a two particle system, the effect of an exchange of the positions of the two
particles is same as the parity on the wave function in the centre of mass frame.
Therefore, under an exchange of the space variables the space part of the wave

function is symmetric for even ¢ and antisymmetric for odd /.

15



8§13

Exercise

qm-exe-20001

1]

2]

Identical Particles

Write the space wave function of two electrons having definite momenta p; and ps

for the triplet and singlet spin states.

Assuming electrons in excited state of a He atom to be in hydrogen like states as

specified below, write the space wave functions for the singlet and triplet states for

(a) both in 3p state with my values 1 and —1.

(b) one electron in 2s and the other in 3s state.
What will be the total wave function, including spins, in each of the two cases?

Assuming electrons in excited state of a He atom to be in hydrogen like states as

specified below, write the space wave functions for the singlet and triplet states for

(a) both in 3p state with my values 1 and —1.

(b) one electron in 2s and the other in 3s state.
What will be the total wave function, including spins, in each of the two cases?

Assuming the interaction between the oxygen atoms to be spherically symmetric,
what are possible values of spin of the oxygen molecule Os. It is given that the spin

of oxygen atoms is zero.

For a pair of identical particles with spin s and relative angular momentum ¢, which
of the following statements is correct? Give our answer with explanation for the two

case of (i)identical fermions and (ii)identical bosons .
(a) (—1)FSet =1 (b) (—1)HHSet = 1 (¢) none of these.

Here Siot stands for the total spin of the two particle system.

16



8§14 Quiz
Symmetrization

Consider a system of 4 weekly interacting particles. The particles 1 and 2 are identical
fermions and 3 and 4 are identical bosons. Let y, ¢, ¢ denote possible states of the particles
1 and 2. Let f, g, h denote possible states of particles 3 and 4. The symbols &1, &2, &3,&4
collectively denote all the coordinates, i.e. space and spin variables of the four particles.

Examine the following wave functions Wy, ..., V5 for the system of the four particles
and state which of wave functions are admissible and which are not. If a particular wave
function is not allowed for the system explain reasons why it is not allowed, giving all

possible reasons

XE&; ¢€§1§ fg&; 9251;
_ iX§2 o(&2) f(&) g(&
@ = 5 E) &) TE) gl (35)
X(64) (&) f(&a) g(&a)
_ 1 (&) #(&)
0 v = |0 S e (30
_ (&) 9(&s)
(C) \113 = \/EX(gl)X(SQ) f(£4) 9(54) (37)
(d) Wy = (P(&1)o(&2) +¥(§2)p(E3))(E3)h(Ea) (38)
(e) VU5 = %(X(&)@(Ez)f(ﬁs)g(&)—X(€2)¢(§1)f(€4)9(§3)) (39)

17



815  Exercise

‘ gm-que-20053 ‘

Identical Interacting Particles

[1] Assuming that two identical spin zero bosons interact via a spherically symmetric
potential, show that the system at rest cannot have odd angular momentum and

odd parity, it must can only have even spin parity 01, 2%, 47....

[2] The states occupied by the two electrons are specified in the second column of the
table given below. Write properly symmetrized total wave function for two electron

system in the last column of the table given below. (Assume p' # ¢.)

SN | State Description Total wave function

1 One of the two electrons has momentum p and
spin up; The other electron has momentum ¢
and spin down.

2 The two electrons are in a spin triplet state and
have momenta p, q.

3 The two electrons have momenta 7, ¢ and spin
state is singlet.

4 The two electrons have momenta p, ¢ and both
electrons have spin up.

5 Both electrons have momentum p.

@ Use notation «,f to denote, respectively, the spin up and spin down states
of a spin half particles. So for example, the spin wave function for a system of two
particles (need not be identical) with the first particle having spin up and the second

particle having spin down will be a(1)5(2).

[3] Neglecting the electrostatic repulsion of electrons one can assume that the two
electrons in a He atom occupy hydrogen like ’orbits’ The quantum numbers of the

two electrons are specified in the second column of the table given below. Write

18



properly symmetrized total wave function for two electron system in the last column

of the table given below.

Here n,n/, are not the principal quantum numbers, and will be used to denote the
radial quantum numbers of the two electrons. We will use NV, N’ to denote the prin-
ciple quantum numbers. (Note principal quantum number of an electron will then
be N = (n+ £+ 1) etc). The symbols ¢, m;¢',m'; J, M;J , M’ etc have their usual

meanings and, if needed, spin states are specified explicitly.

You may use the notation R,¢(7)Yz, (0, ¢) for wave function of an electron in hydro-

gen like orbit with quantum numbers n, ¢, m.

Use notation «, 8 to denote, respectively, the spin up and spin down states of a spin
half particles. So for example, the spin wave function for a system of two particles
(need not be identical) with the first particle having spin up and the second particle
having spin down will be «(1)3(2).

19



SN | State Description Unique Total wave function
State?
(Y/N)
1 N1:1,€1:0,m1 :0;
N2 :2782 1,m2 =1
Spins T, |
2 N1:1,€1:0,m1:0;
N2 = 2,52 = l,mg = —1;
3 Ni=1,Ny=1
5 The two electrons are in a spin
triplet state and have momenta p, ¢
6 | ni=ng =14 =Ll =1;
L=1,M=0
7 nl—n2:1,€1—€2:
L=2 M=
8 n1:2,€1:1,J1:1/2
no = 2,@2 = I,JQ = 3/2
My =My, =1/2
9 nl—n2:1,€1—€2:1
J=0,M =
Spin state is singlet
10 n1:n2:1,€1:€2:1

Spin State is triplet

Here L is the total orbital angular momentum for the two electrons.

20




816 Quiz

0 Symmetrization Postulate

Consider a system of two weekly interacting spin one bosons. Use the following notation
to answer the questions given below. Possible spin states are denoted by «, 3, for spin
projections h,0, —h and the spatial ’orbits’ available are described by wave functions
and ¢.

Write all possible properly symmetrized total wave functions when the bosons occupy
states as described in the second column. Write the total wave function in the last column.

The entries in the first row show a sample answer.

S.No. Particulars Wave function

Sample Both bosons are in state u and  —=u (7 )u () (a(1)8(2) + a(2)8(1))
one has spin 1 and the other
one has S, value 0

1 Total spin of bosons is 2;
Write allowed space wave
function(s).

2 Total spin of bosons is 1;
Write allowed space wave
function(s)

3 All the three bosons have spin
up; Write allowed space wave
function(s)

4 The spin wave function is

given to be %(a(l)ﬁ&) -

«(2)53(1)), Write space wave
function(s)

5) The space wave function is
u(r1)v(7) — u(ry)v(7 ) Write
allowed spin wave function(s)

6 The space wave function is
u(r1)v(7) + u(ra)v(7 ) Write
allowed spin wave function(s)

Write all answers if more than one answer is possible.

21



8§17 Mixed Bag

Wave functions

1]

Show that for a system of two identical particles having spin s, the ratio of the num-

ber of states, symmetric under exchange of spins, to the number of the antisymmetric
(s+1)

states is given by ~——
Consider two particles, A, B each having spin 1. Construct all possible states |SM)
with definite values of S? and S,. Use the notation |Am;)|Bms) to represent the
states of the two particles having definite z— projections myq, mo of spin. Verify that
the states are symmetric under exchange of m; and msy when total spin is S = 2,0

and antisymmetric for S = 1.

Assuming that two identical spin zero bosons interact via a spherically symmetric
potential, show that the system at rest cannot have odd angular momentum and

odd parity, it must can only have even spin parity 01, 2%, 47....

Show that the operators

L l+1+4G-L _ (—F-L
= — A _ @@
¢ 20+1 7 ¢ 20+1
are projection operators onto states j = ¢ + %, respectively, in the subspace of

orbital angular momentum ¢. (Here we are considering a single spin % particle.)

Gottfried [?]

Two spin half fermions, mass p and positions 77, 7, interact via anisotropic harmonic

oscillator potential
o 1 2 1 2 1 2
V(r,7) = §k31(ﬂ?1 —z2)" + §k2(y1 —y2)° + §]€3(21 — 29)

What are the energy levels of the system? Specify allowed values of the total spin
for each energy level. Compare your answer with the case of two nonidentical spin

half fermions.
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