Phy 523 PARTICLE PHYSICS SOLUTIONS PROBLEM SHEET I

1.Consider a particle A ( mass M,) decaying to two particles B,C ( masses
Mpg, M¢). Find the momentum of particle B in the (a) rest frame of A and
(b) in a frame in which the momentum of A is Py, = (0,0, P4) and the
momentum of B makes an angle 6 with respect otA.

Solution:

(a) In the rest frame of A the four momenta of the three particles can be
written as P4 = (my,0), Ph = (Eg(r), Pg(r)), P4 = (Ec(r), Po(r)) Conser-
vation of four momentum leads to

Py = Py + Pf
or

Py — P; = Ph
Squaring

(PZ_PJEL)(PAM_PBM):ngCu:m%
=m?% +m%p — 2P| Pg,
We have
PXPBM = mAEB(r)
Thus
m?% +mp — 2maEp(r) = mZ

or

_my +mp —mg

EB(T‘)

QmA

the momeentum of B is

12 _ (mY +mb +md — 2mamp — 2mame — 2mpme)'/?

|Pp(r)| = (E%(r)—m3%) 2m 4

Eg(r),|Pg(r)| refer to the energy and momentum of B at rest.
(b) Here choose

PY = (E4,0,0,|Py4|), Pk = (Eg, |Pg|sin(0)cos(¢), | Pg|sin(8)sin(¢), | Ps|cos(0))



P4 = (Eg, Py — Pp)
Again
(PZ_P]FBL)(PAM_PBM):ngcu:mQC
or
m? +my — 2P Py, = m},
m? +m% — m2 = 2P Py, = 2(EsEp — | P4|| Ps|cos(0))
m3 +m% —m%

2 = Ea(m} + |Pp[*)'/? — |Pa|| Pg|cos(0) = maEp(r)

(MaEp(r) + |Pal|Ps|cos(0))* = E3(m3; + | Ps|*)
M2 Eg(r)?+|Pa|?| Pg|*cos(0)2+2M 4 E(r)| P4|| Pg|cos(0) = Eim%+FE>%|Ps|?
(E% — |P4[*cos?(0)| Pg| — 2ma| Pa| E5(r)cos(0)| Pg| + EAm% — m* Eg(r)? = 0
solving for |J33| we get

Byl = 2m 4| Pa|Ep(r)cos(6)
P 2(E2 — [Py feos?(0))

n (4m? | Ps*Ep(r)?cos*(6) — AEGmp — mi B (r)) (B4 — | Pal?cos?(6))'/2
2(E? — | Py[2cos?(9))

The —ve sign would give |Pg| < 0 as |P4] — 0 and so we chose the +-ve
sign. Simplifying the term inside the squareroot we get

Am3y| PaP Ep(r)*cos®(0) — 4(E3my — mi Eg(r) (B3 — [Palcos*(9))

= 4m? E(r)?(|Pal?cos?(0)+(E% —| Pa?cos?(0)) —AE2m% (B3 — | Pa)*cos?(6))
= Am Ep(r)2E — AE%m%(E? — | Pal?cos(6))
= 4E124(m?4EB(7“)2 — EimZB) + 4EimQB|]3A|20032(«9)
= AB(mA Ep(r)® — (|Pa® + m%)m%) + 4E3m%| Pa|*cos*(0))
= AE4(m%(Ep(r)? — m%) — |Pal>m?% + m%| Pal*cos®(0))

= 4E5(m3| Pp(r)|* — m| Pa|sin® (6)



5 | 2ma|Pa| Ep(r)cos(0) + 2Ea(m?| Ps(r)[2 — m}| Pa|%sin®(9))"/2
2(E% — |Pal2cos?(8))

2. Consider a particle A ( mass M,) decay to three particles B,C and D
( masses Mp, Mc and Mp). Find the maximum and the minimum energy
range for C in the rest frame of A.

Solution:
Conservation of energy and momentum demand

My = Eq + Ep + Ec = (mi + | Pp")'* + (m¢, + | Po|*)'(mi, + | Pp[*)'/?

ﬁAZOZﬁB+ﬁc+ﬁD

We have to maximse E subject to the above conditions. Using the method
of Langrange multipliers we consider the function

F(Pg, P, Pp) = Ec — MEp + Ec + Ep) — o’ (P} + P}, — P},

A and 0! i = 1,2,3 are the Langrange multipliers. We can now treat
P4, Pg, Po as independent variables. For a stationary solution

OF (P4, Pg, P, P, .

( A7 ‘B7 C) — _)\ B _ O_'L — O
oPy, Ep

OF (P, Pg, P, PL .
oPL Ec

OF(Pa, Pp.Po) _ \Ph 5
oP;, En

The above equations imply % = % = "7 This means the velocity of B and
D are the same and one can consider them as moving together. So we can
treat the problem as a two body decay with A decaying to (B 4+ D) with a

mass of mg + mp and C. Thus

m? +m& — (mp +mp)?

Ec(maz) = ST




The minimum value of E¢ is m¢c when it is at rest with B and C taking
away the energy my4 — m¢e and Pg + Pg = 0.

3. Consider the scattering A+B — C+D. Masses are (M4, Mg, M, Mp)
respectively with Mo+ Mp > M+ Mp. Find the minimum energy needed
for the particle A in order this reaction occurs (a) in the rest frame of B (b)
in the centre of mass frame.

Solution: (a) We have the conservation law
P+ PL = PE+ Pj

Note that C' and D can not be produced at rest in the rest frame of B as the
initial three momentum of B is not zero and hence momentum of the final
state can not be zero. We refer to this frame as the 'lab’ frame In this frame
we write

Pu = (EA(Z), 0, O, PA); Pg = (mB, 0, 0, 0)
(Pau + Pp)(Ph + Pg) = m% +mp + 2Pa,. P
=m? +m% 4+ 2mpE4(l)
This also equals (Pc,, + Pp,) (P4 + Pp) = m& +m3, + 2P, Pf,. We therefore
need to find the minimum value of 2P¢, Pj;. Since it is a Lorentz scalar, this
can be evaluated in any frame. Choose a frame in which C is at rest. In
this frame 2P, P}, = mcEp(rest frame of C'). The minimum of energy of D

is mp and thus the minimum value is mgmp. In this configuration both C
and D travel together. Thus

m? +m%p + 2mpE4(l) = mE& +m3, + memp = (mc + mp)?

or
EA(Z) _ (mc + mD)2 - m124 - m2B
QmB
(b)In the centre of mass frame, P, = —ﬁB; ﬁc — —Pp and the minimum

energy configuration is when C' and D are produced at rest. This is allowed
as the initial total momentum is zero. We can write for this configuration

(PE+Pp) = (me+mp,0,0,0); Py = (Ea(c.m),0,0, Pa(c.m)); P = (Eg(c.m),0,0, —Pa(c.m))
Also
Py = (Pt + Pp) — Pj
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Squaring we get
m% = (me +mp)* +m% — 2(me +mp)Ex(c.m)

or 2 2 2
(me +mp)? —m45 —my

Es(em) = 2me £ )

4. Consider the decay m° — ~ + v ( mass of pion is M,). Assume that
the decay is isotropic in the rest frame of 7°. Now consider a frame 7° is
moving with energy E. Show that the energy distribution of the photons in
this frame is given by

dN(E,)
dE,

where N(£E,) is the number of photons emitted as a funcion of the energy
of the photon E,. Further show that E(1 — ) < E, < E(1 + ) where
5= (B~ M) )

= constant

Solution:

Let the pion momentum be along the third direction. In the rest frame of
pion let one of the photon have the four momenta Pl = P!} = m,/2(1, sin(#), 0, cos(f)).
The other photon would have P,y = m,/2(1, —sin(6),0, —cos(d)). We can
transform this four vector to the frame in which pion has energy E. Its three
momentum vector is (0,0,p = (E?—m?2)Y/2) If E} is the energy of the photon
1 in the frame in which pion is moving,we have

El = 7(% + 6%003(9) = 5(1 + Beos(0)

as v = E/m,. thus
E E
S1=0)< B} < S (1+75)

In the rest frame of the pion the distribution of the photon is isotropic.

iN
dcos(0)

) dE! )
where K is a constant. we also have dcos(lﬁ) = %ﬁ Thus we write

dN(E}) dN  dcos(0) 2 dN

dE,  dcos(0) dE; :Fﬁdcos(e)
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5.(a) The life time of a particle in natural units (h =c=1) is IMev™'.
Find the lifetime in seconds.

(b) the cross section of scattering in a process is 1Mev™2. Find the cross
section in cm?

Solution:

b h 1.055x10°*

E MeV  1.602 x 1013
h*c? 1.05 x 107343 x 108

= = m

7T Mev) 1.602 x 10-18

= 3.9 x 107%2em?

= 6.58 x 10722

T




